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Abstract

A new constitutive model is developed for the mechanical behaviour of unsaturated soils
based on the theory of hypoplasticity and the effective stress principle. The governing
constitutive relations are presented and their application is demonstrated using several
experimental data from the literature. Attention is given to the stiffening effect of suction
on the mechanical response of unsaturated soils and the phenomenon of wetting-induced
collapse. All model parameters have direct physical interpretation, procedures for their
quantification from test data are highlighted. Quantitative predictions of the model are
presented for wetting, drying and constant suction tests.

1 Introduction

The twenty years of research on hypoplasticity, a particular class of incrementally non-
linear constitutive models, have led to a significant progress in the theoretical basis and
applications of this alternative approach to constitutivemodelling of geomaterials. The
predictive capabilities of hypoplastic models compete with those of advanced models from
other constitutive frameworks [35, 47, 17, 32], yet they require only limited number of
material parameters. This, together with the availabilityof robust algorithms for their
implementation into numerical codes [11], makes hypoplasticity a promising approach for
use in practical applications.

The theoretical basis for this class of constitutive modelshas been put forward inde-
pendently by researchers in Karlsruhe (see, e.g., [25]) andGrenoble [8]. The early models
of the Karlsruhe school were developed by trial-and-error [24] and had only limited capa-
bilities. In contrast, the more recent and evolved hypoplastic models cover a wide range
of geomaterials, namely granular materials [49], soils with a low friction angle [18] and
clays [30]. Procedures to incorporate anisotropy [39, 52, 53], viscosity [37, 16], structure
[33, 31] and the elastic behaviour in the very small strain range and the effects of recent
history [40] are currently available. To date, however, most contributions on the consti-
tutive modelling of soils using the theory of hypoplasticity have been in the domain of
saturated soils. Extension of this class of constitutive models to unsaturated soils is thus
still an open field for research.

Many of the current constitutive models for the behaviour ofunsaturated soils are
almost exclusively based on the conventional elastoplastic framework. Notable examples
include contributions of Alonso et al. [1], Kogho et al. [23], Modaressi and Abou-Bekr
[36], Wheeler and Sivakumar [50], Loret and Khalili [27, 28],Vaunat et al. [48], Khalili
and Loret [22], Gallipoli et al. [13], Wheeler et al. [51], Sheng et al. [44], Borja [6], Ehlers
et al. [10] and Santagiuliana and Schrefler [43] among others. Only limited attempts have
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been made to incorporate the behaviour of unsaturated soilsinto non-linear constitutive
models (Russell and Khalili [42]; Bolzon et al. [5]).

The first attempt to model unsaturated soil behaviour using the theory of hypoplastic-
ity was put forward by Gudehus [14]. He utilised the effective stress concept (see Sec.
3) with a modified formulation for the scalar factorχ of the basic equation by Bishop
[4]. The model predicted, under certain conditions, the behaviour of unsaturated soils sub-
ject to suction changes. However, it could not predict compressive volumetric strains that
occur in unsaturated soils with an open structure along wetting paths (wetting-induced col-
lapse). Also, it assumed the same limit void ratios for saturated and unsaturated materials,
and could not simulate stiffening of the soil structure due to suction increase. This latter
shortcoming was later overcome by Bauer et al. [2, 3]. Their model assumed dependence
of the limit void ratios of weathered broken rock on the moisture content and thus was able
to predict different mechanical responses for different suctions. However, the stress state
variable adopted did not include suction, rendering the model incapable of predicting the
soil response along wetting and drying paths.

The aim of this paper is to present a more complete treatment of the theory of hypoplas-
ticity for unsaturated soils. The governing constitutive equations are formulated using the
notion of critical state and the effective stress principle. Particular attention is given to
the stiffening effect of suction on the mechanical responseof unsaturated soils and the
phenomenon of wetting-induced collapse. A novel approach is proposed for incorporating
the suction effects into the hypoplastic models. The new model has basic properties of
hypoplastic models, it therefore predicts pre- and post-peak non-linear deformation be-
haviour of unsaturated soils, and the variation of the soil stiffness with loading direction
- important aspects absent from many of the current constitutive models proposed for the
behaviour of unsaturated soils. Hydraulic hysteresis is ignored throughout to retain sim-
plicity of the theoretical developments. Smooth transition from saturated to unsaturated
states is ensured using the effective stress principle for unsaturated soils. The characteristic
features of the model are validated using experimental datafrom the literature.

The paper is organized as follows. Section 2 is devoted to thepresentation of the refer-
ence hypoplasticity model for saturated soils. Section 3 epitomizes the role of the effective
stress in the behaviour of unsaturated soils and Section 4 isdevoted to the development of
the proposed hypoplasticity model for unsaturated soils, and how the suction effects are
incorporated into the formulation. The calibration of the model is presented in Section
5 and its application to laboratory test data is demonstrated in Section 6. A complex of
loading paths including wetting, drying, and constant-suction isotropic consolidation and
triaxial compression and extension is considered.

Notations and Conventions:Compact or index tensorial notation is used throughout.
Second-order tensors are denoted with bold letters (e.g.T, N) and fourth-order tensors
with calligraphic bold letters (e.g.L, A). Symbols ”·” and ”:” between tensors of various
orders denote inner product with single and double contraction, respectively. The dyadic
product of two tensors is indicated by ”⊗”, ‖D‖ represents the Euclidean norm ofD and
the arrow operator is defined as~D = D/‖D‖. The trace operator is defined as (tr D = 1 :
D), 1 andI denote second-order and fourth-order unity tensors, respectively. Following

2



the sign convention of continuum mechanics compression is taken as negative. However,
Roscoe’s variablesp = − tr T/3 andǫv = − tr ǫ, and suctions = −(ua−uw), are defined
in such a way that they are positive in compression. The operator 〈x〉 denotes positive part
of any scalar functionx.

2 Reference model for saturated soils

The reference model for the present derivations, proposed by Maš́ın [30], is based on the
Karlsruhe approach to hypoplasticity [49, 38, 18]. Within this context, the stress-strain
rate relationship is written as [15]

T̊ = fs (L : D + fdN‖D‖) (1)

whereT̊ denotes the objective (Zaremba-Jaumann, see [26]) stress rate,D is the Euler’s
stretching tensor,L andN are fourth- and second-order constitutive tensors andfs andfd

are two scalar factors, denoted asbarotropyandpyknotropyfactors respectively.
The model is conceptually based on the critical state soil mechanics and its five pa-

rameters (ϕc, N , λ∗, κ∗, r) have similar physical interpretation as parameters of theMod-
ified Cam clay model [41]. ParametersN andλ∗ define the position and the slope of the
isotropic normal compression line, following the formulation by Butterfield [7]

ln(1 + e) = N − λ∗ ln
p

pr

(2)

wherepr is an arbitrary reference stress, which is considered equalto 1 kPa throughout
this paper. The parametersN andλ∗ also control the position of the critical state line, with
the assumed formulation

ln(1 + e) = N − λ∗ ln 2 − λ∗ ln
p

pr

(3)

The next parameter,κ∗, controls the slope of the isotropic unloading line and the parameter
r the shear stiffness. Finally,ϕc is the critical state friction angle. It controls the size ofthe
critical state locus in the stress space, defined by the formluation according to Matsuoka
and Nakai [29]. The model consideres void ratioe as a state variable.

The model requires a limited number of material parameters,nevertheless it predicts
complex non-linear behaviour of soils [30], including the variation of stiffness with load-
ing direction [35] and the influence of relative density (overconsolidation ratio) on the soil
stiffness, volumetric behaviour and peak friction angle [17].

It is instructive to note that the mathematical formulationof hypoplastic models does
not include explicitly state boundary surface (SBS), definedas the boundary of all possi-
ble states of a soil element in theeffective stress vs. void ratio space, as well as it does
not include the bounding surface (BS), which is defined in theeffective stress spaceas a
constant-void-ratio cross-section through the SBS. However, Maš́ın and Herle [34] demon-
strated that implicit in the formulation of the model in [30]is the existence of a SBS whose
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form and size can be analytically expressed. This fact is crucial, and will be fully exploited
in the sections that follow in extending the reference hypoplastic model for saturated soils
to include unsaturation.

3 Effective stress concept for unsaturated soils

Central to the framework presented here is the concept of effective stress which can be de-
fined in the following general form, subject to the solid grains incompressibility constraint
[4, 21, 27]

T = Tnet − 1χs (4)

Stress variables without any superscript (T) denote the effective stress,Tnet is the net stress
defined asTnet = Ttot − 1ua ands = −(ua − uw) is the matric suction.Ttot is the total
stress,ua is the pore air pressure anduw is the pore water pressure.

In general, the mechanical behaviour of an unsaturated soilis controlled by a combined
effect of the pore air and water pressures in two different ways. First, they control the
effective stress (4) in the soil skeleton through an ”equivalent pore pressure”u∗, in the
same way that the pore water pressure affects the mechanicalbehaviour of anequivalent
saturated soil. The equivalent saturated soil will be defined later in the text. Comparison of
Eq. (4) with the Terzaghi effective stress equation at saturated conditions (T = Ttot−1uw)
leads to the following expression of the equivalent pore pressure:

u∗ = χuw + (1 − χ)ua (5)

The second effect of the pore air and water in an unsaturated soil is that capillary menisci at
the particle contact points generate inter-particle contact forces. These forces differ from
the contact forces generated by the boundary forces (quantified by the effective stress (4))
in that their line of action is essentially normal to the plane of contact. An increase of these
forces tend to stabilise the contacts and therefore to inhibit grain slippage. This effect is
typically manifested by the widely reported stiffened response of the soil skeleton with
increasing suction (see, e.g., [9, 20, 28]).

The second effect is conceptually similar to that of chemical bonding of particle con-
tacts in cemented materials. It enables the unsaturated soil, under a given effective stress,
to exist at a higher void ratio than the same material at the same effective stress when sat-
urated. In terms of the critical state soil mechanics, the unsaturated soil has a larger SBS
and for a given void ratio it has a larger BS.

The state boundary surface and the position of the current state of the soil element with
respect to the SBS govern the mechanical behaviour of soil. The mechanical behaviour of
an unsaturated soil and the same soil when saturated at the same effective stress and the
same void ratio will therefore be significantly different, as the unsaturated soil will have
larger BS and therefore it will be apparently more overconsolidated than the saturated
soil. In this respect, we define theequivalent saturated soilas the soil with the same state
(quantified by the effective stressT and void ratioe) and the same SBS as the unsaturated
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soil at the suction level of interest. Theeffective stress1 in unsaturated soilcan then be
defined as a suitable stress space, in which the soil behaviour is influenced by the relative
position of the state to the SBS as in equivalent saturated soil. In turn, the suction controls
the size and the shape of the SBS. This definition of the effective stress accords with that
of Khalili et al. [20] and it does not exclude straining due tochange of suction without the
change of effective stress.

A simple formulation for the effective stress tensorT based on Eq. (4), which is
sufficient for many practical applications, has been put forward by Khalili and Khabbaz
[21] and further evaluated by Khalili et al. [20]. On the basis of an extensive evaluation of
experimental data they proposed the following empirical formulation forχ:

χ =

{

1 for s ≤ se
(se

s

)γ

for s > se
(6)

wherese is the suction value separating saturated from unsaturatedstates. It is equal to
the air entry value for the main drying path or the air expulsion value for the main wetting
path [20, 28].γ is a material parameter, and it has been shown that for a broadrange of
different soils it is sufficient to assignγ = 0.55 [20, 21]. For suctions lower thanse the
effective stress parameterχ is equal to one, i.e. the soil is saturated and Eq. (4) reducesto
the Terzaghi effective stress definition. As stated previously, to avoid undue complication
of the theoretical developments and to focus on the application of hypoplasticity to unsat-
urated soils, hydraulic hysteresis and its impact on the mechanical response of the system
has not been considered in the present derivations. Once a general framework for the hy-
poplasticity of unsaturated soils is established, its extension to include hydraulic hysteresis
will be a straightforward matter.

Time differentiation of Eq. (4) with the use of (6) and considering co-rotational terms
implies the following formulation of the effective stress rate

T̊ = T̊
net − ṡ

{

1 for s ≤ se

1(1 − γ)χ for s > se
(7)

Notice that Eq. (6) is continuous at the saturation-desaturation limit s = se, whereas
the rate of the effective stress̊T is not. The discontinuity in the slope of effective stress
equation represents the abrupt nature of the desaturation process in porous media. As
suction is applied to a saturated soil, it is initially resisted by the surface tension effects at
the air-water-solid interface. This trend continues untilthe point of air entry at which the
surface tension at the pores with the largest diameter is overcome and the air enters the
void space of the soil in a sudden and discontinuous way.

1Some authors prefer to use diffrent terms forT in (4), such asintergranular stress[19], or average
skeleton stress[13].
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4 Hypoplastic model for unsaturated soils

In this section, the hypoplastic model for saturated soils,outlined briefly in Sec. 2, will
be enhanced to predict the behaviour of unsaturated soils. The basic aim is to provide a
conceptual way to incorporate the behaviour of unsaturatedsoils into hypoplasticity. The
particular formulation adopted is very simple, but it may bereadily modified by using the
general rules outlined in this section.

4.1 Model for constant suction

As discussed in Sec. 3, the overall mechanical response of a soil element is controlled
by the effective stress. Suction influences the effective stress and in addition it increases
normal forces at interparticle contacts and thus acts as a quantity that increases the overall
stability of the soil structure. In other words it increasesthe size of the SBS, in a similar
manner to bonding between soil particles in saturated cemented materials.

The incorporation of structure into hypoplastic model has been discussed in detail by
Maš́ın [33, 31]. In this context, the size of the SBS for unsaturated soils is defined by the
isotropic virgin compression line which follows from (2)

ln(1 + e) = N(s) − λ∗(s) ln
p

pr

(8)

wheree is the void ratio, which is considered as a state variable. QuantitiesN(s) andλ∗(s)
define the position and the slope of the isotropic virgin compression line in theln(p/pr)
vs. ln(1 + e) plane for given suctions; model parametersN andλ∗ then represent their
values for saturated conditions (Eq. (2)).

Eq. (8) implies the expression for the Hvorslev equivalent pressurepe on the isotropic
normal compression line for a given suction:

pe = pr exp

[

N(s) − ln(1 + e)

λ∗(s)

]

(9)

Maš́ın [33] demonstrated that incorporation of variable virgincompressibility and the
interceptN(s) into the hypoplastic model requires a modification of both barotropy and
pyknotropy factorsfs andfd in (1). The pyknotropy factor reads

fd =

(

2p

pe

)α

(10)

with pe calculated according to Eq. (9), and the barotropy factor isgiven by

fs = − trT
λ∗(s)

(

3 + a2 − 2α
√

3
)

−1

(11)

The scalar factorα is still calculated in terms of parametersλ∗ andκ∗ (see Eq. (45) in
Appendix A), to ensure the shape of the BS is not dependent on suction, factora is given
in (45).
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4.2 Incorporation of wetting-induced collapse at normally consoli-
dated states

When an unsaturated soil with an initially open structure is subjected to a decreasing suc-
tion, the reduction in the normal forces acting at the inter-particle contacts may result in a
situation where the structure, for the given effective stressT and void ratioe, is no longer
stable, and thus it collapses. This phenomenon, referred toas wetting-induced collapse,
cannot be modelled with the model presented in Sec. 4.1, asT̊ = 0 impliesD = 0 (see
Eq. (1)), i.e. no deformation of soil skeleton can be predicted for variable suction with
constant effective stress.

In the context of the critical state soil mechanics, all admissible states of a soil element
are bounded by the SBS. Constant void ratio sections through this surface predicted by the
hypoplastic model from Sec. 4.1 have shape independent one (see Mǎśın and Herle [34]),
the state boundary surface can thus be represented in the stress space normalised bype.
The stress rate, in the normalised spaceTn = T/pe, is given by

Ṫn =
∂

∂t

(

T
pe

)

=
Ṫ
pe

− T
p2

e

ṗe (12)

The objective (Zaremba-Jaumann, see, e.g., [26]) rate of the normalised stress̊Tn, which
vanishes for rigid body rotation, is given by

T̊n = Ṫn + Tn · W − W · Tn (13)

where the spin tensorW is the skew-symmetric part of the velocity gradient. Combination
of (12) and (13) yields

T̊n =
1

pe

(

Ṫ + T · W − W · T − T
pe

ṗe

)

=
T̊
pe

− T
p2

e

ṗe (14)

The rate of the Hvorslev equivalent stressṗe can be found by time-differentiation of
Eq. (9) (i.e. comes from Eq. (8) usingpe instead ofp)

ṗe = − pe

λ∗
tr D +

∂pe

∂s
ṡ (15)

therefore

T̊n =
T̊
pe

− T
p2

e

(

− pe

λ∗
tr D +

∂pe

∂s
ṡ

)

(16)

In this context, the normalised stress rateT̊n will not surpass the state boundary surface
if it is coincident with the normalised stress rateT̊

es

n of an equivalent saturated material
(defined in Sec. 3). Note that̊T

es

n is necessarily bound by the SBS, through its definition.
Equivalent saturated material is characterised by∂pe/∂s = 0, therefore

T̊
es

n =
1

pe

(

T̊
es

+
T tr D
λ∗

)

(17)
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Combination of (16) and (17) yields

T̊ = T̊
es

+
T
pe

∂pe

∂s
ṡ (18)

whereT̊
es

is calculated by the hypoplastic model for saturated material (1). Therefore

T̊ = fs (L : D + fdN‖D‖) + H (19)

whereH is a new term incorporating the collapse of the soil structure due to wetting

H =
T
pe

∂pe

∂s
ṡ (20)

The Hvorslev equivalent pressurepe is given by Eq. (9), it therefore follows that

H =
T

λ∗(s)

[

∂N(s)

∂s
− ∂λ∗(s)

∂s
ln
pe

pr

]

ṡ (21)

4.2.1 Wetting-induced strain rate

Wetting of normally consolidated soil at anisotropic stress state causes in addition to vol-
umetric collapse development of shear strains [45, 46]. Eq.(19) allows us to derive
expression for the direction of stretching implied by wetting at constant effective stress for
states at the SBS. Eq. (19) for̊T = 0 reads

− T
λ∗(s)

[

∂N(s)

∂s
− ∂λ∗(s)

∂s
ln
pe

pr

]

ṡ = fs (L : D + fdN‖D‖) (22)

Equation

ln(1 + e) = N(s) − λ∗(s) ln
pe

pr

(23)

leads after time differentiation to
ė

1 + e
= tr D =

∂N(s)

∂t
− ∂λ∗(s)

∂t
ln
pe

pr

(24)

Combination of (22) and (24) yields

− T
λ∗(s)

tr D = fs (L : D + fdN‖D‖) (25)

Eq. (25) has been solved for~D in [34]

~D = − A
−1 : N

‖A−1 : N‖ (26)

where the fourth-order tensorA is given by

A = fsL − 1

λ∗(s)
T ⊗ 1 (27)

Eq. (26) implies purely deviatoric strain rate at the critical state and purely volumetric
strain rate at the isotropic stress state. Direction of the strain increment vector for different
stress obliquities is graphically demonstrated in Fig. 1, together with the shape of the
bounding surface for Pearl clay parameters (Tab. 1), evaluated in Sec. 6.1.
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4.3 Model for any state of overconsolidation

The model from Sec. 4.2 may be used for constant value of suction (ṡ = 0) and for
wetting at normally consolidated states (states at the SBS).The following assumptions are
utilised to extend Eq. (18) for arbitrary (physically admissible) states and arbitrary loading
conditions:

1. As suction controls stability of inter-particle contacts, increasing suction under con-
stant effective stress imposes no deformation of soil skeleton.

2. The more open is the soil structure, the lower is the numberof interparticle contacts,
so each contact must transmit larger shear forces. When such astructure is wetted
under constant effective stress, it will be more prone to collapse than more densely
packed structure.

To reflect these two assumptions, the rate formulation of themodel is written as

T̊ = fs (L : D + fdN‖D‖) + fuH (28)

with

H = − T
λ∗(s)

[

∂N(s)

∂s
− ∂λ∗(s)

∂s
ln
pe

pr

]

〈−ṡ〉 (29)

〈−ṡ〉 is introduced to reflect the first assumption, andfu, a new pyknotropy factor control-
ling tendency of the soil structure to collapse upon wetting, to reflect the second.

The factorfu must be equal to unity for states at the SBS (in that case the structure
is as open as possible and collapse is controlled byH only) andfu → 0 for OCR → ∞
(no wetting-induced inter-particle slippage occurs in highly overconsolidated soil). The
following expression for the factorfu satisfying these requirements is proposed:

fu =

(

p

pSBS

)m

(30)

wherepSBS is the effective mean stress at the SBS corresponding to the current normalised
stressT/ tr T and current void ratioe andm is a model parameter controlling the influ-
ence of overconsolidation on the wetting-induced collapse. From the definition of the
pyknotropy factorfd (Eq. (10)) forp = pSBS follows that

p

pSBS
=

(

fd

fSBS
d

)1/α

(31)

fSBS
d is the value of the pyknotropy factorfd at the state boundary surface corresponding

to the current state. Analytical expression forfSBS
d has been derived in Reference [34]

fSBS
d = ‖fsA

−1 : N‖−1 (32)
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where the fourth-order tensorA is given by Eq. (27). Therefore, the expression for the
pyknotropy factorfu reads

fu =
[

fd‖fsA
−1 : N‖

]m/α
(33)

The presented equations define the proposed model under fully general conditions of
stress and stretching. As the evaluation of model predictions in Sec. 6 will be often
based on isotropic material response, a simpler isotropic formulation of the model has
been derived and is given in Appendix B.

5 Calibration of the model

In addition to the parameters of the hypoplastic model for saturated soils (ϕc, N , λ∗,
κ∗ andr), the proposed model requires quantification of dependencyof N(s) andλ∗(s)
on suction, parameterm that controls the collapse of structure along wetting paths, and
suction at air entry and/or air expulsion (se).

The general formulation of the model enables to calibrate the functionsN(s) andλ∗(s)
to accommodate the experimental data available through multi-linear or any other higher-
order fits, for example inN(s) vs. ln(s/se) andλ∗(s) vs. ln(s/se) planes, as shown in
Fig 2. In practical applications, however, it is desirable to use formulation with limitted
number of material parameters. For the evaluation of model predictions through this paper,
we assume forln(s/se) > 0 (unsaturated state)

N(s) = N + n ln

(

s

se

)

λ∗(s) = λ∗ + l ln

(

s

se

)

(34)

The quantitiesn andl represent two additional soil parameters. The derivatives∂N(s)/∂s
and∂λ∗(s)/∂s from Eq. (29) therefore read

∂N(s)

∂s
=
n

s

∂λ∗(s)

∂s
=
l

s
(35)

and the expression for the termH simplifies to

H = −T
[

n− l ln(pe/pr)

sλ∗(s)

]

〈−ṡ〉 (36)

For ln(s/se) < 0 (saturated state)N(s) = N andλ∗(s) = λ∗, i.e. ∂N(s)/∂s = 0,
∂λ∗(s)/∂s = 0 and thereforeH = 0.

The parameterm defines the rate at which susceptibility of the structure to collapse
decreases with increasing distance from the state boundarysurface. The Eq. (30) is graph-
ically represented in Fig. 3. Form → ∞ the model predicts collapsible strains for states
at the state boundary surface only, i.e. predictions of wetting-induced collapse then cor-
respond to predictions by single-surface elasto-plastic models (such as [28]). With de-
creasingm, the collapsible strains occur also inside the SBS, similarly to predictions by
multi-surface kinematic hardening or bounding surface plasticity models (e.g., [42]).
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The influence of the parameterm on predictions of wetting test at constant net stress
on slightly overconsolidated soil is shown in Fig. 4c. This figure demonstrates calibration
of the parameterm by means of experimental data on Pearl clay [45, 46], which will be
used in Sec. 6 for evaluation of the model predictions. For high values ofm the collapse
of structure begins abruptly when the state reaches SBS, inside the SBS swelling caused
by decrease of the effective stress is predicted. For lower values ofm the collapse takes
place further from the SBS and form approaching one the collapse of the structure for this
particular situation occurs since the beginning of the wetting test. The parameterm can be
calibrated by means of a parametric study using wetting teston slightly overconsolidated
soil, such as the one in Fig. 4c. Its calibration requires theknowledge of the soil behaviour
inside the SBS and of the shape of the SBS, therefore all other soil parameters should be
known beforem is calibrated. It is important to point out that all model parameters with
the exception ofm (and obviouslyse) may be found by means of laboratory experiments
at constant value of suction.

The last parameterse controls the formulation of the effective stress and its calibration
has been thoroughly discussed by Khalili and Khabbaz [21] and Khalili et al. [20]. As
already mentioned, the formulation adopted by Khalili and Khabbaz [21] does not take into
account the influence of hydraulic hysteresis, thereforese must be calibrated to represent
the air-entry value for wetting processes and the air expulsion value for drying processes.
As these values may differ quite substantially, the parameterse is calibrated by considering
which process is of the particular interest in a situation where the model will be applied,
having in mind that eventual predictions of the opposite process with the same parameters
would be less accurate.

6 Evaluation of the model

The experimental data used for the evaluation of the model predictions have been chosen
in order to evaluate different aspects of the constitutive model formulation. The behaviour
of soils with different apparent overconsolidation ratios(OCR, defined here asOCR =
pe/p) along wetting paths is evaluated by means of experiments onPearl clay by Sun et
al. [45, 46]. Tests on White clay, Orly loam and Sterrebeek loam by Fleureau et al. [12]
allow studying the model response to drying paths. Finally,the set of data on Jossigny silt
by Cui and Delage [9] is used to evaluate predictions of shear tests at constant suction on
soils with different apparentOCRs.

6.1 Response to wetting paths

Evaluation of the response of the proposed model to wetting path is important as in this
case the termH and the pyknotropy factorfu, novel in hypoplasticity, are activated. The
model is evaluated by means of experimental data on statically compacted Pearl clay by
Sun et al. [45, 46]. Pearl clay is a moderate plasticity soil with very little expansive clay
minerals.
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Experimental results from the following tests will be used for the model evaluation. In
the first set of data, the specimens have been isotropically compressed at constant suction
147 kPa to different mean net stress levels (20, 49, 98, 196, 392 and 588 kPa). At this
stage, the specimens were wetted and suction was decreased to zero. Volumetric strains
for different suction levels were logged during suction reduction. Some of the specimens
were further compressed at zero suction to the mean net stress 588 kPa.

To investigate the influence of the stress anisotropy on the wetting-induced collapse
behaviour, other specimens, after isotropic compression at constant suctions = 147 kPa
to mean net stresspnet = 196 kPa, were subjected to constant suction and constantpnet

stress paths up to a target principal net stress ratioR = T net
a /T net

r , whereT net
a andT net

r are
the axial and radial net stresses. At this stage, suction wasdecreased to zero under constant
net stress and finally the shear test continued under constant pnet ands = 0 kPa to failure.
Three respective sets of experimental data will be used for the model evaluation - in the first
one four specimens with different initial void ratios have been wetted atR = 1.5, so the
influence of the apparentOCR on wetting at anisotropic stress state could be investigated.
In the second set three specimens with approximately equal initial void ratios are wetted
at different values of the ratioR (1.5, 2 and 2.5) and sheared in compression, the third set
is equivalent (withR = 1.5, 2 and 2.2), but the samples were sheared in extension.

As the wetting process is of the primary interest in this set of experimental data, the
parameterse represents the suction at air expulsion. Its value has been estimated from the
degree of saturationSr vs. s graphs provided by Sun et al. [46]. They range from 2 to 30
kPa. An approximate average value of 15 kPa is adopted. The parametersN , λ∗, n andl
are obtained from the isotropic compression paths ats = 147 kPa ands = 0 kPa. Their
calibration is demonstrated in Fig. 4a, which shows the effective stress paths of the five
isotropic compression experiments at two suction levels and indicates the assumed normal
compression lines. The parameterκ∗ has been found using the experiments ats = 147 kPa
to predict correctly the slope of the isotropic compressionline of the initially apparently
overconsolidated specimens, see Fig. 4b. The parameterm has been found by simulating
the wetting test at the high apparent overconsolidation ratio (the test where wetting took
place atpnet = 49 kPa), see Fig. 3b. The parameterϕc (critical state friction angle) has
been found using standard procedure by evaluation of triaxial shear test data andr (factor
controlling the shear stiffness) has been found by means of simulation of the constantpnet

shear test, as shown in Fig. 4d. The whole set of material parameters on Pearl clay is given
in Tab. 1.

Figures 5 – 9 show simulations of different tests on Pearl clay by Sun et al. [45,
46]. Experiments which have been used for calibration of model parameters are indicated
by labels in the figures, in all other cases the graphs show model predictions. Figure 5
shows paths of the constant suction isotropic compression tests and constant net stress
wetting tests replotted in the effective stress space, experimental data are compared with
predictions by the proposed model. The model predicts correctly both the constant suction
and wetting parts of the experiments. In the wetting tests atthe lower net mean stresses, the
experiments show the initial decrease of the effective stress with very small change of void
ratio. This aspect of the observed soil behaviour, which is progressively less pronounced
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with decreasing apparentOCR, can be modelled correctly by the proposed model thanks
to the factorfu.

Results of the wetting parts of the experiments from Fig. 5 in the suction vs. volumetric
strain plane are plotted in Fig. 6. The model predicts correctly the qualitative influence
of the net mean stress on the volumetric behaviour. When the soil is wetted at a lowpnet

(20 and 49 kPa), it first swells and only after the state gets closer to the state boundary
surface the structure starts to collapse. On the other hand,specimens wetted at higher net
mean stresses (i.e. at lower apparentOCRs) collapse since the beginning of the wetting
test. Modelling of this aspect of the soil behaviour is, again, enabled by the factorfu. The
experiments show the lowest collapsible strains for the wetting at the highest net mean
stress (588 kPa). Correct predictions of the final value of thevolumetric strains after
collapse are achieved thanks to the converging normal compression lines of the saturated
and unsaturated soils (Figs. 4a, 5). The predicted shape of the wetting path in thes
vs. ǫv plane is controlled by the factorfu (for the initially apparently overconsolidated
specimens) and by the interpolation function for the quantitiesN(s) andλ∗(s). Good
agreement between experimental data and model predictionsalso for wetting at higher
net mean stresses (where the factorfu takes a constant value equal to one) suggests that
the logarithmic interpolation adopted (Eq. (34)) is suitable to represent the Pearl clay
behaviour. The predicted volumetric strain curve changes abruptly as the suction reaches
the air expulsion value. The soil becomes at lower suctions effectively saturated and the
model then predicts swelling caused by decrease of the effective stress.

Figures 7a and 7b showǫa vs. R andǫa vs. ǫv graphs of the constant net mean stress
shear tests and constantR = 1.5 wetting tests with different initial void ratios (different
initial apparentOCRs). Both the constant suctionR vs. ǫa response and the increasing
tendency to collapse (in terms of bothǫv andǫa) for increasing initial void ratio (decreasing
apparentOCR) are predicted satisfactorily. The only qualitative discrepancy is in that the
model does not predict dilatant behaviour of the initially densest specimen in the constant
pnet stress after wetting.

Figure 8a shows the results of the three constant net mean stress compression shear
tests in the axial strain vs. principal net stress ratio plane, and Figure 9c similar exper-
iments in triaxial extension. The specimens had approximately equal initial void ratios
(initial apparentOCRs) and wetting took place at different values of the ratioR. The cor-
responding volumetric behaviour is in Figs. 8b and 9b and radial strains in Figs. 8c and 9a.
Predictions of the constant suction parts of the tests, reasonable at least from the qualita-
tive point view, demonstrate the predictive capabilities of the basic hypoplastic model. In
the wetting parts of the tests, the model predicts approximately equal collapse volumetric
strains and significant increase of the absolute values of collapse axial and radial strains at
higher ratiosR. The good quantitative agreement for bothǫa andǫr demonstrates adequate
modelling of the wetting-induced collapse strain rate direction. The analytical expression
for this direction has been (for constant effective stress)derived in Sec. 4.2.1, see Fig. 1
for Pearl clay parameters.
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6.2 Response to drying paths

To study the response of the model to drying paths, laboratory experiments on three differ-
ent soils by Fleureau et al. [12] have been simulated. The drying tests have been performed
on initially saturated remolded samples, either directly from the slurry state at a water con-
tentw equal to 1.5 times the liquid limitwL, or on specimens consolidated from the slurry
in an oedometer under different vertical stresses. As the range of applied suctions was
very wide, it has been controlled be several techniques, including tensiometric plate (suc-
tion 0 kPa to 20 kPa), air pressure control and osmotic technique (50 kPa to 1500 kPa) and
relative humidity control using salt solutions for high suction levels (2 MPa to 1000 MPa).
The authors demonstrated that the techniques used gave consistent results. As only limit-
ted amount of data is available for each soil, the parametershave been found by means of
simulation of test data presented only and results in Fig. 10therefore do not represent pure
predictions. Nonetheless, they still demonstrate some capabilities of the proposed model.
All model parameters used are summarised in Tab. 1.

Figure 10a shows results of drying paths on Orly loam on two specimens: one dried
from a slurry state and the other preconsolidated in an oedometer at a net vertical stress
-100 kPa. As the reconstituted Orly loam has a very high air entry value of suction (4000
kPa), the two specimens reached normally consolidated state at suctions lower thanse and
with continued drying their response coincide. When the suction reaches the air entry
value abrupt change of soil behaviour is observed, the soil structure stiffens significantly
and very little change in void ratio is observed with furthersuction increase. This observed
behaviour is represented well by the proposed hypoplastic model. For suctions lower
thanse predictions correspond to the reference hypoplastic modelfor saturated materials.
However, when the suction reaches the air entry value, the SBSstarts to increase in size
rapidly, which leads to very stiff behaviour with further drying.

The same experiments have been performed on Sterrebeek loam(Figure 10b), with
the exception that the consolidated sample has been preloaded to higher net vertical stress
(-200 kPa). The observed behaviour is, however, significantly different as compared to
the response of Orly loam. As Sterrebeek loam has significantly lower air entry value, the
consolidated sample became unsaturated before it reached the normally consolidated state.
The sample is therefore relatively stiff in the saturated region and less pronounced change
of stiffness is observed when the unsaturated state is reached. Also this type of behaviour
can be well simulated by the proposed model.

Finally, Fig. 10c shows response of the white clay (kaolin) to the drying-wetting cycle.
As the white clay has very small hydraulic hysteresis and theair entry and air expulsion
values are similar, the model is capable of simulating both the drying and wetting be-
haviour of this soil with a single set of material parameters. The model simulates lower
stiffness in the saturated than in unsaturated region. The stiffness in the saturated region is
significantly lower for drying than for wetting process.
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6.3 Response at constant suction

Cui and Delage [9] performed a series of drained triaxial tests on an aeolian silt from
Jossigny near Paris. The soil has been statically compactedand isotropically compressed
under four different applied suction levels (200, 400, 800 and 1500 kPa). The isotropic
compression has been terminated at five differentpnet levels (50, 100, 200, 400 and 600
kPa) and followed by a drained triaxial compression test. Therefore, all together twenty
shear tests on soils with different apparentOCRs have been performed, with apparent
OCR increasing with suction and decreasing with net cell pressure.

The air-entry valuese of the compacted Jossigny loam has been taken from Khalili
et al. [20]. As the set of experimental data does not include tests on saturated soils, the
parameterλ∗ has been calibrated using isotropic compression test ats = 200 kPa and
l = 0 has been assumed. The parametersN , n andκ∗ have then been evaluated by a
trial-and-error procedure in order to reproduce the stress-dilatancy behaviour of the shear
tests. Parametersϕc andr have been found using standard approach as outlined in [30].
The parameterm has not been not evaluated, as no tests with decreasing suction were
simulated som is not needed in simulations. All parameters used in evaluation are given
in Tab. 1. Similarly to tests with drying paths, results in Fig. 11 have all been used
for evaluation of model parameters, they therefore represent simulations, rather than pure
predictions by the proposed model.

Figure 11(a) shows the deviatoric stress vs. shear strain curves of the tests analysed
and Figure 11(b) shows the corresponding volumetric behaviour. The proposed model
gives qualitatively good predictions, taking into accountthat the tests were performed at
four different suction levels, while the influence of suction on the apparentOCR is char-
acterised by a single material parametern (recall that change ofλ∗(s) is not considered
here, i.e. l = 0). As observed in the experiments, the model predicts increase of the
maximum deviator stress with both the suction and the cell pressure. Also, for a given
cell pressure, both experimental data and simulations showdecreasing tendency for volu-
metric contractancy with increasing suction. For low cell pressures and high suctions the
model predicts dilatant behaviour and a peak in the deviatoric stress vs. shear strain curve.
Similar behaviour is observed in the experiments, althoughthe agreement is not perfect
from a quantitative point of view.

7 Summary and conclusions

A new hypoplastic model for unsaturated soils, based on the effective stress concept with
a scalar quantity that describes stiffening of the soil structure, has been proposed. The
formulation combines the mathematically simple hypoplastic model by Mǎśın [30] with
the effective stress equation by Khalili and Khabbaz [21]. These two approaches have
been chosen as they require only limited number of material parameters, so they yield a
model easy for use in practical applications.

A new method for incorporating the wetting-induced collapse into hypoplasticity has
been proposed in the paper. The approach yields new tensorial term H entering the hy-
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poplastic equation, which is calculated through the requirement of consistency on the state
boundary surface. Further, new pyknotropy factorfu is proposed in order to simulate
different response of soils with different apparent overconsolidation.

Evaluation of the model predictions has been based on a number of experimental data
sets, performed on different soils in different soil mechanics laboratories. Although the
complete model requires only nine material parameters witha clear physical interpretation,
it can predict reasonably a number different aspects of unsaturated soil behaviour, namely

1. Response of normally consolidated and apparently overconsolidated soils to wet-
ting paths. Model predicts wetting-induced collapse of normally consolidated soils,
swelling of highly overconsolidated soils and a smooth transition between the two
cases, controlled by the new constitutive parameterm. Also, the model predicts the
influence of the stress ratio on the behaviour upon wetting.

2. Response of normally consolidated and apparently overconsolidated soils to drying
paths. The model predicts stiffening of the soil response atsuction at air entry, where
the soil starts to be effectively unsaturated. Different responses before and after air
entry can be modelled quantitatively with a single set of material parameters.

3. Response of normally consolidated and apparently overconsolidated soils to shear
tests performed at constant suction. Suction influences thesize of the state boundary
surface and it thus controls the predicted peak friction angle and the stress-dilatancy
relationship.

The predicted soil response is non-linear also in the overconsolidated state. To this
respect, the model provides a qualitative advance with respect to many existing constitutive
models for mechanical response of unsaturated soils.
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Appendix A

The appendix A summarises mathematical formulation of the reference hypoplastic model
for saturated soils [30]. The constitutive equation in rateform reads:

T̊ = fsL : D + fsfdN‖D‖ (37)

where:

L = 3
(

c1I + c2a
2T̂ ⊗ T̂

)

N = L :

(

−Y m
‖m‖

)

T̂ =
T

tr T
(38)
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1 is the second–order identity tensor andI is the fourth–order identity tensor, with com-
ponents:

(I)ijkl =
1

2
(1ik1jl + 1il1jk) (39)

In eq. (37), the functionsfs(tr T) (barotropyfactor) andfd(tr T, e) (pyknotropyfactor) are
given by:

fs = − trT
λ∗

(

3 + a2 − 2αa
√

3
)

−1

fd =

[

− 2trT
3pr

exp

(

ln (1 + e) −N

λ∗

)]α

(40)

wherepr is the reference stress 1 kPa. The scalar functionY and the second–order tensor
m appearing in Eq. (38) are given, respectively, by:

Y =

( √
3a

3 + a2
− 1

)

(I1I2 + 9I3)
(

1 − sin2 ϕc

)

8I3 sin2 ϕc

+

√
3a

3 + a2
(41)

in which:

I1 = trT I2 =
1

2

[

T : T − (I1)
2
]

I3 = det T

and

m = − a

F

[

T̂ + T̂
∗ − T̂

3

(

6 T̂ : T̂ − 1

(F/a)2 + T̂ : T̂

)]

(42)

in which:

T̂
∗

= T̂ − 1

3
F =

√

1

8
tan2 ψ +

2 − tan2 ψ

2 +
√

2 tanψ cos 3θ
− 1

2
√

2
tanψ (43)

tanψ =
√

3‖T̂
∗‖ cos 3θ = −

√
6
tr
(

T̂
∗ · T̂

∗ · T̂
∗

)

(

T̂
∗

: T̂
∗

)3/2
(44)

Finally, the scalarsa, α, c1 andc2 appearing in eqs. (38)–(42), are given as functions of
the material parametersϕc, λ∗, κ∗ andr by the following relations:

a =

√
3 (3 − sinϕc)

2
√

2 sinϕc

α =
1

ln 2
ln

[

λ∗ − κ∗

λ∗ + κ∗

(

3 + a2

a
√

3

)]

(45)

c1 =
2
(

3 + a2 − 2αa
√

3
)

9r
c2 = 1 + (1 − c1)

3

a2
(46)

The model requires five constitutive parameters, namelyϕc, λ∗, κ∗, N and r, state is
characterised by the Cauchy stressT and void ratioe.

17



Appendix B

This Appendix presents an isotropic formulation of the proposed hypoplastic model. The
effective stress is quantified by mean stressp = − tr T/3, stretching by the rate of void
ratio ė = tr D(1 + e). The effective stress rate predicted by the proposed model is given
by Eqs. (18), (28) and (29)

T̊ = T̊
es − fu

T
pe

∂pe

∂s
〈−ṡ〉 (47)

where the Hvorslev equivalent stresspe is given by Eq. (9), suctions is a state variable
andfu is a pyknotropy factor from Eq. (30). It follows that

ṗ = −tr T̊
3

= −tr T̊
es

3
+ fu

tr T
3pe

∂pe

∂s
〈−ṡ〉 = −tr T̊

es

3
− fu

p

pe

∂pe

∂s
〈−ṡ〉 (48)

An isotropic formulation of the quantity− tr T̊
es
/3 has been derived in Reference [30],

we thus have the following isotropic form of the proposed hypoplastic model:

ṗ = − 1

3 (1 + e)
fs

[

(

3 + a2
)

ė+ fda
√

3|ė|
]

− fu
p

pe

∂pe

∂s
〈−ṡ〉 (49)

The scalar quantitya has been defined in (45) and the barotropy factorfs in Eq. (11). Its
isotropic formulation reads

fs =
3p

λ∗(s)

(

3 + a2 − 2α
√

3
)

−1

(50)

where the quantityα is given in Eq. (45). An isotropic formulation of pyknotropyfactors
fd andfu read (see (10) and (30))

fd =

(

2p

pe

)α

fu =

(

p

pe

)m

(51)

In Eqs. (49) – (51)p, e ands are state variables,m is a model parameter and all other
quantities can be calculated in terms model parametersN , λ∗, κ∗, ϕc, n, l andse.
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1:P

aram
eters

ofproposed
hypoplastic

m
odelforsoils

investi
gated.

Values
in

brack-
ets

have
only

been
estim

ated,they
do

nothave
substantialef

fects
on

presented
sim

ulations.

ϕc λ∗ κ∗ N r n l m se [kPa]
Pearl clay [45, 46] 29◦ 0.05 0.005 1.003 0.5 0.164 0.024 2 15 (expulsion)
White clay (kaolin) [12] (22◦) 0.077 0.008 1.25 n/a (0.1) (0) (10) 1900 (ent. & exp.)
Orly loam [12] (25◦) 0.053 0.005 0.785 n/a (0.1) (0) n/a 4000 (entry)
Sterrebeek loam [12] (25◦) 0.022 0.005 0.58 n/a (0.1) (0) n/a 90 (entry)
Jossigny silt [9] 25◦ 0.04 0.005 0.72 0.5 0.025 0 n/a 185 (entry)

23



-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0 0.2 0.4 0.6 0.8 1

q/
p* e

, d
ε s

p/p*e, dεv

Figure 1: Direction of strain rate tensor induced by wettingat constant effective stress for
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Figure 2: Multi-linear diagram for calibration of the quantity N(s) by means of all exper-
imental data available.
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Figure 4: Calibration of the proposed model by means of experimental data on Pearl clay
by Sun et al. [45]. (a) calibration of parametersN , λ∗, n and l by means of isotropic
compression test with constant suction (s = 0 kPa ands = 147 kPa); (b) calibration ofκ∗

using isotropic compression test ats = 147 kPa; (c) calibration ofm using constant net
stress wetting test; (d) calibration ofr using constant net mean stress shear test at constant
suctions = 0 kPa ands = 147 kPa (with wetting atR = Ta/Tr = 1.5).
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Figure 6: Wetting tests at constant isotropic net stress by Sun et al. [46] plotted ins vs. ǫv
plane (a) and predictions by the proposed model (b). Test used for calibration of parameter
m is indicated.
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Figure 7: Constant net mean stress shear tests and constantR = 1.5 wetting tests on speci-
mens with different initial void ratios, experimental databy Sun et al. [46] and predictions
by the proposed model plotted inǫa vs. R = Ta/Tr plane (a) andǫa vs. ǫv plane (b).
Labels for initial void ratios.
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Figure 8: Constant net mean stress compression shear tests and constantR wetting tests,
experimental data by Sun et al. [46] and predictions by the proposed model plotted in
ǫa vs. R = Ta/Tr plane (a)ǫa vs. ǫv plane with labels forR at wetting (b) andǫr vs.
R = Ta/Tr plane (c). Test used for calibration of parameterr is indicated. Initial values
of e: R at wetteing equal to1.5, e0 = 1.29; R = 2, e0 = 1.31; R = 2.5, e0 = 1.3.
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Figure 9: Constant net mean stress extension shear tests and constantR wetting tests,
experimental data by Sun et al. [46] and predictions by the proposed model plotted in
ǫr vs. R = Tr/Ta plane (a)ǫr vs. ǫv plane with labels forR at wetting (b) andǫa vs.
R = Tr/Ta plane (c). Initial values ofe: R at wetteing equal to1.5, e0 = 1.31; R = 2,
e0 = 1.35; R = 2.2, e0 = 1.32.
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Figure 10: Drying (a, b) and drying-wetting (c) tests on different soils. Experimental data
by Fleureau et al. [12] compared with simulations by the proposed hypoplastic model.sr

is a reference value of suction equal to 1 kPa.
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Figure 11: Drained triaxial tests on Jossigny loam at different suctions and net cell pressure
levels, experimental data from Cui and Delage [9] and simulations by the proposed model.
Deviatoric stress (q = −(Ta − Tr)) vs. axial strain curves (a) and volumetric vs. axial
strain curves (b) with labels fors (in kPa).
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