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Abstract

A new constitutive model is developed for the mechanicablaiur of unsaturated soils

based on the theory of hypoplasticity and the effectivesstiginciple. The governing

constitutive relations are presented and their applinaisodemonstrated using several
experimental data from the literature. Attention is givenhe stiffening effect of suction

on the mechanical response of unsaturated soils and themleson of wetting-induced

collapse. All model parameters have direct physical imeggtion, procedures for their
quantification from test data are highlighted. Quanti@aredictions of the model are
presented for wetting, drying and constant suction tests.

1 Introduction

The twenty years of research on hypoplasticity, a particci@ss of incrementally non-
linear constitutive models, have led to a significant pregna the theoretical basis and
applications of this alternative approach to constitutivedelling of geomaterials. The
predictive capabilities of hypoplastic models competénthibse of advanced models from
other constitutive frameworks [35, 47, 17, 32], yet theyuieg only limited number of
material parameters. This, together with the availabiityrobust algorithms for their
implementation into numerical codes [11], makes hypopegia promising approach for
use in practical applications.

The theoretical basis for this class of constitutive modhals been put forward inde-
pendently by researchers in Karlsruhe (see, e.g., [25]fzerdoble [8]. The early models
of the Karlsruhe school were developed by trial-and-er2d} pnd had only limited capa-
bilities. In contrast, the more recent and evolved hypdj@asodels cover a wide range
of geomaterials, namely granular materials [49], soilswatlow friction angle [18] and
clays [30]. Procedures to incorporate anisotropy [39, 32, \scosity [37, 16], structure
[33, 31] and the elastic behaviour in the very small stramgeand the effects of recent
history [40] are currently available. To date, however, tamntributions on the consti-
tutive modelling of soils using the theory of hypoplasgicitave been in the domain of
saturated soils. Extension of this class of constitutivele®to unsaturated soils is thus
still an open field for research.

Many of the current constitutive models for the behavioumungaturated soils are
almost exclusively based on the conventional elastopl&stmework. Notable examples
include contributions of Alonso et al. [1], Kogho et al. [28Jodaressi and Abou-Bekr
[36], Wheeler and Sivakumar [50], Loret and Khalili [27, 288unat et al. [48], Khalili
and Loret [22], Gallipoli et al. [13], Wheeler et al. [51], Stwget al. [44], Borja [6], Ehlers
et al. [10] and Santagiuliana and Schrefler [43] among otl@n$y limited attempts have
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been made to incorporate the behaviour of unsaturatediatmlsron-linear constitutive
models (Russell and Khalili [42]; Bolzon et al. [5]).

The first attempt to model unsaturated soil behaviour ugiegheory of hypoplastic-
ity was put forward by Gudehus [14]. He utilised the effeetstress concept (see Sec.
3) with a modified formulation for the scalar factgrof the basic equation by Bishop
[4]. The model predicted, under certain conditions, thealvadur of unsaturated soils sub-
ject to suction changes. However, it could not predict caapive volumetric strains that
occur in unsaturated soils with an open structure alongnggpiaths (wetting-induced col-
lapse). Also, it assumed the same limit void ratios for sa&d and unsaturated materials,
and could not simulate stiffening of the solil structure dusuction increase. This latter
shortcoming was later overcome by Bauer et al. [2, 3]. Thedd@hassumed dependence
of the limit void ratios of weathered broken rock on the maistcontent and thus was able
to predict different mechanical responses for differemtisns. However, the stress state
variable adopted did not include suction, rendering theehotapable of predicting the
soil response along wetting and drying paths.

The aim of this paper is to present a more complete treatnfiéme theory of hypoplas-
ticity for unsaturated soils. The governing constitutigeiations are formulated using the
notion of critical state and the effective stress principRarticular attention is given to
the stiffening effect of suction on the mechanical resparfsensaturated soils and the
phenomenon of wetting-induced collapse. A novel approsipindposed for incorporating
the suction effects into the hypoplastic models. The newehbds basic properties of
hypoplastic models, it therefore predicts pre- and poakp®n-linear deformation be-
haviour of unsaturated soils, and the variation of the gdthess with loading direction
- important aspects absent from many of the current cotiggtnodels proposed for the
behaviour of unsaturated soils. Hydraulic hysteresisngiigd throughout to retain sim-
plicity of the theoretical developments. Smooth transititom saturated to unsaturated
states is ensured using the effective stress principlefeaturated soils. The characteristic
features of the model are validated using experimentalfdatathe literature.

The paper is organized as follows. Section 2 is devoted tprisgentation of the refer-
ence hypoplasticity model for saturated soils. Sectioni®eyzes the role of the effective
stress in the behaviour of unsaturated soils and Sectiodévisted to the development of
the proposed hypoplasticity model for unsaturated soild, l'ow the suction effects are
incorporated into the formulation. The calibration of thedel is presented in Section
5 and its application to laboratory test data is demonsitrateSection 6. A complex of
loading paths including wetting, drying, and constanttisucisotropic consolidation and
triaxial compression and extension is considered.

Notations and Convention€€ompact or index tensorial notation is used throughout.
Second-order tensors are denoted with bold letters (E,d\N) and fourth-order tensors
with calligraphic bold letters (e.gC, .A). Symbols *” and ":” between tensors of various
orders denote inner product with single and double contnactespectively. The dyadic
product of two tensors is indicated bw”, ||D|| represents the Euclidean normbfand
the arrow operator is defined Bs= D/||D||. The trace operator is defined as = 1 :
D), 1 andZ denote second-order and fourth-order unity tensors, otigply. Following



the sign convention of continuum mechanics compressicakest as negative. However,
Roscoe’s variables = — tr T /3 ande, = — tr €, and suctiors = —(u, —u,,), are defined
in such a way that they are positive in compression. The ¢mefa) denotes positive part
of any scalar function.

2 Reference model for saturated soils

The reference model for the present derivations, propogeddsin [30], is based on the
Karlsruhe approach to hypoplasticity [49, 38, 18]. Withimstcontext, the stress-strain
rate relationship is written as [15]

T =f.(L:D+ fuN|D]) 1)

whereT denotes the objective (Zaremba-Jaumann, see [26]) satsOris the Euler's
stretching tenso andN are fourth- and second-order constitutive tensors farahd f,
are two scalar factors, denotedt@sotropyandpyknotropyfactors respectively.

The model is conceptually based on the critical state sodhaeics and its five pa-
rameters¢., N, \*, *, r) have similar physical interpretation as parameters obd-
ified Cam clay model [41]. Parametefksand\* define the position and the slope of the
isotropic normal compression line, following the formidat by Butterfield [7]

In(l+e)=N—- 3L )
Pr
wherep, is an arbitrary reference stress, which is considered equhlkPa throughout
this paper. The parametefsand)\* also control the position of the critical state line, with
the assumed formulation

1n(1+e):J\I—A*lnz—mnp£ 3)
The next parametet,”, controls the slope of the isotropic unloading line and thiameter
r the shear stiffness. Finally, is the critical state friction angle. It controls the sizelué
critical state locus in the stress space, defined by the t@tian according to Matsuoka
and Nakai [29]. The model consideres void ratias a state variable.

The model requires a limited number of material parametergertheless it predicts
complex non-linear behaviour of soils [30], including theiation of stiffness with load-
ing direction [35] and the influence of relative density (@ansolidation ratio) on the soil
stiffness, volumetric behaviour and peak friction anglé][1

It is instructive to note that the mathematical formulatedrhypoplastic models does
not include explicitly state boundary surface (SBS), defiagthe boundary of all possi-
ble states of a soil element in tledfective stress vs. void ratio spa@s well as it does
not include the bounding surface (BS), which is defined ingffiective stress spaes a
constant-void-ratio cross-section through the SBS. How&¥aSin and Herle [34] demon-
strated that implicit in the formulation of the model in [36}he existence of a SBS whose
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form and size can be analytically expressed. This fact isigkuand will be fully exploited
in the sections that follow in extending the reference hyastgc model for saturated soils
to include unsaturation.

3 Effective stress concept for unsaturated soils

Central to the framework presented here is the concept afteféestress which can be de-
fined in the following general form, subject to the solid gsincompressibility constraint
[4, 21, 27]

T=T"—1ys (4)
Stress variables without any superscript denote the effective stresg! is the net stress
defined asi ™" = T*" — 1u, ands = —(u, — u,,) is the matric suctionT*” is the total

stressy, is the pore air pressure amg is the pore water pressure.

In general, the mechanical behaviour of an unsaturategsmhtrolled by a combined
effect of the pore air and water pressures in two differengswaFirst, they control the
effective stress (4) in the soil skeleton through an "edeapore pressuret*, in the
same way that the pore water pressure affects the mechaeicaviour of arequivalent
saturated soil The equivalent saturated soil will be defined later in tkx& t€omparison of
Eq. (4) with the Terzaghi effective stress equation at saéggrconditionsT = T —1u,,)
leads to the following expression of the equivalent poresguee:

U= Xty + (1= X)ta ©)

The second effect of the pore air and water in an unsaturatied that capillary menisci at
the particle contact points generate inter-particle adrftacces. These forces differ from
the contact forces generated by the boundary forces (dieahiby the effective stress (4))
in that their line of action is essentially normal to the @anf contact. Anincrease of these
forces tend to stabilise the contacts and therefore to iingrhin slippage. This effect is
typically manifested by the widely reported stiffened m@sge of the soil skeleton with
increasing suction (see, e.g., [9, 20, 28]).

The second effect is conceptually similar to that of chehboading of particle con-
tacts in cemented materials. It enables the unsaturatedisder a given effective stress,
to exist at a higher void ratio than the same material at theesztfective stress when sat-
urated. In terms of the critical state soil mechanics, theaturated soil has a larger SBS
and for a given void ratio it has a larger BS.

The state boundary surface and the position of the currat@ sf the soil element with
respect to the SBS govern the mechanical behaviour of sod.nféchanical behaviour of
an unsaturated soil and the same soil when saturated atrtieeeféective stress and the
same void ratio will therefore be significantly differeng t#he unsaturated soil will have
larger BS and therefore it will be apparently more overcadstéd than the saturated
soil. In this respect, we define tieguivalent saturated sods the soil with the same state
(quantified by the effective stre$sand void ratioe) and the same SBS as the unsaturated



soil at the suction level of interest. Tledfective stregsin unsaturated soitan then be
defined as a suitable stress space, in which the soil behasimiluenced by the relative
position of the state to the SBS as in equivalent saturatédisaurn, the suction controls
the size and the shape of the SBS. This definition of the effestress accords with that
of Khalili et al. [20] and it does not exclude straining duet@ange of suction without the
change of effective stress.

A simple formulation for the effective stress tensbrbased on Eq. (4), which is
sufficient for many practical applications, has been puivérd by Khalili and Khabbaz
[21] and further evaluated by Khalili et al. [20]. On the sagf an extensive evaluation of
experimental data they proposed the following empiricainfalation fory:

1 for s<s,
X:{ (ﬁ)” for s> s, ()
S

wheres, is the suction value separating saturated from unsatussages. It is equal to
the air entry value for the main drying path or the air exprisralue for the main wetting
path [20, 28].~ is a material parameter, and it has been shown that for a bevag of
different soils it is sufficient to assign = 0.55 [20, 21]. For suctions lower thas the
effective stress parametgris equal to one, i.e. the soil is saturated and Eq. (4) rediaces
the Terzaghi effective stress definition. As stated preshiguo avoid undue complication
of the theoretical developments and to focus on the apmitaf hypoplasticity to unsat-
urated soils, hydraulic hysteresis and its impact on thehagical response of the system
has not been considered in the present derivations. Onceesadramework for the hy-
poplasticity of unsaturated soils is established, itsrsiten to include hydraulic hysteresis
will be a straightforward matter.

Time differentiation of Eq. (4) with the use of (6) and coresidg co-rotational terms
implies the following formulation of the effective stresge

o o net . 1 for s < S,
T=T _S{ 1(1 —~)x for s> s, (7)

Notice that Eq. (6) is continuous at the saturation-deadéitur limit s = s., whereas
the rate of the effective stredsis not. The discontinuity in the slope of effective stress
equation represents the abrupt nature of the desaturatomess in porous media. As
suction is applied to a saturated soil, it is initially résgby the surface tension effects at
the air-water-solid interface. This trend continues uiiil point of air entry at which the
surface tension at the pores with the largest diameter iccomge and the air enters the
void space of the soil in a sudden and discontinuous way.

1Some authors prefer to use diffrent terms Toin (4), such asntergranular stres419], or average
skeleton stresd 3].



4 Hypoplastic model for unsaturated soils

In this section, the hypoplastic model for saturated solglined briefly in Sec. 2, will
be enhanced to predict the behaviour of unsaturated sdils.b&sic aim is to provide a
conceptual way to incorporate the behaviour of unsaturséd into hypoplasticity. The
particular formulation adopted is very simple, but it mayréadily modified by using the
general rules outlined in this section.

4.1 Modd for constant suction

As discussed in Sec. 3, the overall mechanical response af alesment is controlled
by the effective stress. Suction influences the effectik@sstand in addition it increases
normal forces at interparticle contacts and thus acts asatigythat increases the overall
stability of the soil structure. In other words it increasles size of the SBS, in a similar
manner to bonding between soil particles in saturated cerdenaterials.

The incorporation of structure into hypoplastic model hasrbdiscussed in detail by
Masin [33, 31]. In this context, the size of the SBS for unsaturatails is defined by the
isotropic virgin compression line which follows from (2)

In(1+e) = N(s) — A*(s) 1np£ (8)
wheree is the void ratio, which is considered as a state variablen@tesN (s) and\*(s)
define the position and the slope of the isotropic virgin coeapion line in thén(p/p,)
vs. In(1 + e) plane for given suctios; model parameterd’ and \* then represent their
values for saturated conditions (Eqg. (2)).

Eq. (8) implies the expression for the Hvorslev equivaleespurep, on the isotropic
normal compression line for a given suction:

N(s) —In(1+ e)}
A*(s)

Pe = prexp [ 9)

Masin [33] demonstrated that incorporation of variable virgompressibility and the
interceptN (s) into the hypoplastic model requires a modification of bottobrapy and
pyknotropy factorsf, and f; in (1). The pyknotropy factor reads

2 (03
= (2) (10)
Pe
with p. calculated according to Eq. (9), and the barotropy factgien by
trT 9 -1
- — 2 11
== % (3+a*—2°v3) (11)

The scalar factow is still calculated in terms of parameteysandx* (see Eg. (45) in
Appendix A), to ensure the shape of the BS is not dependentaiosufactora is given
in (45).



4.2 Incorporation of wetting-induced collapse at normally consoli-
dated states

When an unsaturated soil with an initially open structuraulgjected to a decreasing suc-
tion, the reduction in the normal forces acting at the ip@rticle contacts may resultin a
situation where the structure, for the given effectivessiieand void ratioe, is no longer
stable, and thus it collapses. This phenomenon, referres toetting-induced collapse,
cannot be modelled with the model presented in Sec. 4.T,as0 impliesD = 0 (see
Eq. (1)), i.e. no deformation of soil skeleton can be predidr variable suction with
constant effective stress.

In the context of the critical state soil mechanics, all agbifile states of a soil element
are bounded by the SBS. Constant void ratio sections througlufface predicted by the
hypoplastic model from Sec. 4.1 have shape independen{see M&in and Herle [34]),
the state boundary surface can thus be represented in #%s sfpace normalised by.
The stress rate, in the normalised spage= T /p., is given by

: o (T T T
T,=—(—)=———p. 12
3t(pe> PDe pip (12)

The objective (Zaremba-Jaumann, see, e.g., [26]) rateeofithmalised stresE,, which
vanishes for rigid body rotation, is given by

Ty=To+T, - W—-W-T, (13)
where the spin tensd¥ is the skew-symmetric part of the velocity gradient. Combara
of (12) and (13) yields

) 1 /. T T T
Tn:—(TJrT-W—W-T——pe):———zpe (14)
p(i pe p(i pe

The rate of the Hvorslev equivalent strggscan be found by time-differentiation of
Eq. (9) (i.e. comes from Eqg. (8) using instead ofp)

: Pe Ipe .
=——1trD 15
Pe D+ s (15)
therefore )
. T T/ pe Ipe .
T,=———=|—-——tD 16
o < - D+ oo S) (16)

In this context, the normalised stress ratewill not surpass the state boundary surface
if it is coincident with the normalised stress rate of an equivalent saturated material
(defined in Sec. 3). Note that, is necessarily bound by the SBS, through its definition.
Equivalent saturated material is characterisedhy 0s = 0, therefore

_i_es:l <_i>_es+TtI'D) (17)
De A*
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Combination of (16) and (17) yields

Tty Lo (18)
pe 05
whereT " is calculated by the hypoplastic model for saturated meltét). Therefore
T=/f(L:D+ fN|D|) +H (19)
whereH is a new term incorporating the collapse of the soil striectiue to wetting
T e
o (20)
e ds

The Hvorslev equivalent pressuseis given by Eq. (9), it therefore follows that

T _[ON(s) ON(s), Pe] (21)

H pu—
A (s) | Os Os Pr

4.2.1 Wetting-induced strain rate

Wetting of normally consolidated soil at anisotropic stretate causes in addition to vol-
umetric collapse development of shear strains [45, 46]. EkP) allows us to derive
expression for the direction of stretching implied by wedtat constant effective stress for
states at the SBS. Eq. (19) fér= 0 reads

T [ON(s) 0N(s) mPel ;

_/\*(S) Os Os o = fs (‘65 D+de||DH) (22)
Equation
In(1+e) = N(s) — A*(s)In 22 (23)
Pr
leads after time differentiation to
€ . _ON(s) OX(s) pe
1+e—trD— 5t 5 1np—r (24)
Combination of (22) and (24) yields
T
~37(e) D = £ (£: D+ fuNIDI) (25)
Eg. (25) has been solved fbrin [34]
= AN
D= — (26)
AN
where the fourth-order tensak is given by
1

Eq. (26) implies purely deviatoric strain rate at the catistate and purely volumetric
strain rate at the isotropic stress state. Direction of ttersincrement vector for different
stress obliquities is graphically demonstrated in Fig. ofether with the shape of the
bounding surface for Pearl clay parameters (Tab. 1), etedua Sec. 6.1.
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4.3 Modéd for any state of overconsolidation

The model from Sec. 4.2 may be used for constant value ofsuéti = 0) and for
wetting at normally consolidated states (states at the SBf®)following assumptions are
utilised to extend Eq. (18) for arbitrary (physically adsiide) states and arbitrary loading
conditions:

1. As suction controls stability of inter-particle contgdhcreasing suction under con-
stant effective stress imposes no deformation of soil séele

2. The more open is the soil structure, the lower is the nurobi@terparticle contacts,
S0 each contact must transmit larger shear forces. When ssichcture is wetted
under constant effective stress, it will be more prone téapse than more densely
packed structure.

To reflect these two assumptions, the rate formulation ofrtbdel is written as
T=f,(L:D+ fN|D|) + f.H (28)

wih T [ON(s) 0ON(s)
S S DPe .
X (s) | 8s  Os I or (=) (29)

(—s) is introduced to reflect the first assumption, gida new pyknotropy factor control-
ling tendency of the soil structure to collapse upon wetftingeflect the second.

The factor f,, must be equal to unity for states at the SBS (in that case thetste
is as open as possible and collapse is controlled lmnly) andf, — 0 for OCR — oo
(no wetting-induced inter-particle slippage occurs inhihygoverconsolidated soil). The
following expression for the factaf, satisfying these requirements is proposed:

£ (p;;s) (30)

wherep®5 is the effective mean stress at the SBS corresponding to trentmormalised
stressT/tr T and current void ratie andm is a model parameter controlling the influ-
ence of overconsolidation on the wetting-induced collapSeom the definition of the
pyknotropy factorf, (Eq. (10)) forp = p°Z° follows that

f 1/a
psis = ( ffgs> (31)

1785 is the value of the pyknotropy factdy at the state boundary surface corresponding
to the current state. Analytical expression fg®S has been derived in Reference [34]

H=

200 = AT N (32)



where the fourth-order tensod is given by Eq. (27). Therefore, the expression for the
pyknotropy factorf,, reads

fu = [fall AT N (33)

The presented equations define the proposed model undegérikral conditions of
stress and stretching. As the evaluation of model predistio Sec. 6 will be often
based on isotropic material response, a simpler isotrapimidlation of the model has
been derived and is given in Appendix B.

5 Calibration of the mode

In addition to the parameters of the hypoplastic model faurséed soils 6., N, \*,
k* andr), the proposed model requires quantification of dependehcy(s) and A\*(s)
on suction, parameten that controls the collapse of structure along wetting padinsl
suction at air entry and/or air expulsion ).

The general formulation of the model enables to calibragduhctionsV (s) andA*(s)
to accommodate the experimental data available through-tmdar or any other higher-
order fits, for example iV (s) vs. In(s/s.) andA*(s) vs. In(s/s.) planes, as shown in
Fig 2. In practical applications, however, it is desiraldeuse formulation with limitted
number of material parameters. For the evaluation of maaeliptions through this paper,
we assume folm(s/s.) > 0 (unsaturated state)

N(s) = N +nln (i> A*(s) = A" +1In (Si) (34)

Se €

The quantities: and! represent two additional soil parameters. The derivativéss)/Js
ando\*(s)/0s from Eq. (29) therefore read

ON(s) n ON*(s) 1

ds s ds s (35)
and the expression for the tetthsimplifies to
_ n-— lln(pe/pr) :
H=-T [ A (s) (—3) (36)

ForIn(s/s.) < 0 (saturated statelN(s) = N and\*(s) = A\, i.e. IN(s)/ds = 0,
0X*(s)/0s = 0 and therefordd = 0.

The parametem defines the rate at which susceptibility of the structureditapse
decreases with increasing distance from the state bousdaiace. The Eq. (30) is graph-
ically represented in Fig. 3. Fon — oo the model predicts collapsible strains for states
at the state boundary surface only, i.e. predictions ofimgihduced collapse then cor-
respond to predictions by single-surface elasto-plastbdets (such as [28]). With de-
creasingn, the collapsible strains occur also inside the SBS, simil@rlpredictions by
multi-surface kinematic hardening or bounding surfacstudy models (e.qg., [42]).
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The influence of the parameter on predictions of wetting test at constant net stress
on slightly overconsolidated soil is shown in Fig. 4c. Thggifie demonstrates calibration
of the parametem by means of experimental data on Pearl clay [45, 46], whidhbei
used in Sec. 6 for evaluation of the model predictions. Fghkalues ofn the collapse
of structure begins abruptly when the state reaches SB8gitise SBS swelling caused
by decrease of the effective stress is predicted. For loakreg ofm the collapse takes
place further from the SBS and for approaching one the collapse of the structure for this
particular situation occurs since the beginning of the wettest. The parametet can be
calibrated by means of a parametric study using wettingaiesightly overconsolidated
soil, such as the one in Fig. 4c. Its calibration requirekti@vledge of the soil behaviour
inside the SBS and of the shape of the SBS, therefore all otiiggasameters should be
known beforem is calibrated. It is important to point out that all model @aeters with
the exception ofn (and obviouslys.) may be found by means of laboratory experiments
at constant value of suction.

The last paramete, controls the formulation of the effective stress and itgcation
has been thoroughly discussed by Khalili and Khabbaz [2d]]kmalili et al. [20]. As
already mentioned, the formulation adopted by Khalili arhbaz [21] does not take into
account the influence of hydraulic hysteresis, theretpmaust be calibrated to represent
the air-entry value for wetting processes and the air expuiglue for drying processes.
As these values may differ quite substantially, the parameis calibrated by considering
which process is of the particular interest in a situatiorekgithe model will be applied,
having in mind that eventual predictions of the oppositepss with the same parameters
would be less accurate.

6 Evaluation of the model

The experimental data used for the evaluation of the modeligtions have been chosen
in order to evaluate different aspects of the constitutieeleh formulation. The behaviour
of soils with different apparent overconsolidation rat{o&”' R, defined here a®C'R =
pe/p) along wetting paths is evaluated by means of experimenteanl clay by Sun et
al. [45, 46]. Tests on White clay, Orly loam and Sterrebeeknldy Fleureau et al. [12]
allow studying the model response to drying paths. Fintily,set of data on Jossigny silt
by Cui and Delage [9] is used to evaluate predictions of shesas fat constant suction on
soils with different apparer®C Rs.

6.1 Responseto wetting paths

Evaluation of the response of the proposed model to wettai { important as in this
case the ternd and the pyknotropy factof,, novel in hypoplasticity, are activated. The
model is evaluated by means of experimental data on stigticanpacted Pearl clay by
Sun et al. [45, 46]. Pearl clay is a moderate plasticity sdihwery little expansive clay
minerals.
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Experimental results from the following tests will be usedthe model evaluation. In
the first set of data, the specimens have been isotropicathpressed at constant suction
147 kPa to different mean net stress levels (20, 49, 98, 195,a8d 588 kPa). At this
stage, the specimens were wetted and suction was decreaset Volumetric strains
for different suction levels were logged during suctionuettbn. Some of the specimens
were further compressed at zero suction to the mean nes &88skPa.

To investigate the influence of the stress anisotropy on tsivg-induced collapse
behaviour, other specimens, after isotropic compresdigorestant suctior = 147 kPa
to mean net stregg** = 196 kPa, were subjected to constant suction and congtéht
stress paths up to a target principal net stress rato7"< /T<', whereT"** andT"*" are
the axial and radial net stresses. At this stage, suctiorde@®ased to zero under constant
net stress and finally the shear test continued under cdnétaands = 0 kPa to failure.
Three respective sets of experimental data will be usedhéomiodel evaluation - in the first
one four specimens with different initial void ratios hawseh wetted af? = 1.5, so the
influence of the apparentC'R on wetting at anisotropic stress state could be investigate
In the second set three specimens with approximately eqitallivoid ratios are wetted
at different values of the rati® (1.5, 2 and 2.5) and sheared in compression, the third set
is equivalent (withR? = 1.5, 2 and 2.2), but the samples were sheared in extension.

As the wetting process is of the primary interest in this $etxperimental data, the
parametes, represents the suction at air expulsion. Its value has b&énated from the
degree of saturatiofi, vs. s graphs provided by Sun et al. [46]. They range from 2 to 30
kPa. An approximate average value of 15 kPa is adopted. TiaenegersV, \*, n andl
are obtained from the isotropic compression paths-at147 kPa ands = 0 kPa. Their
calibration is demonstrated in Fig. 4a, which shows thecéffe stress paths of the five
isotropic compression experiments at two suction levelsiagicates the assumed normal
compression lines. The paramet&ias been found using the experiments at 147 kPa
to predict correctly the slope of the isotropic compressioa of the initially apparently
overconsolidated specimens, see Fig. 4b. The paramelers been found by simulating
the wetting test at the high apparent overconsolidatiao (#te test where wetting took
place atp"** = 49 kPa), see Fig. 3b. The parameier(critical state friction angle) has
been found using standard procedure by evaluation of &lizkiear test data andfactor
controlling the shear stiffness) has been found by meansflation of the constani**
shear test, as shown in Fig. 4d. The whole set of materiahpetexs on Pearl clay is given
in Tab. 1.

Figures 5 — 9 show simulations of different tests on Peast ba Sun et al. [45,
46]. Experiments which have been used for calibration of @hpdrameters are indicated
by labels in the figures, in all other cases the graphs showehmeédictions. Figure 5
shows paths of the constant suction isotropic compresgisis and constant net stress
wetting tests replotted in the effective stress space,rerpatal data are compared with
predictions by the proposed model. The model predicts ctiyrboth the constant suction
and wetting parts of the experiments. In the wetting testssbwer net mean stresses, the
experiments show the initial decrease of the effectivesstvath very small change of void
ratio. This aspect of the observed soil behaviour, whiclraggessively less pronounced
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with decreasing apparettC' R, can be modelled correctly by the proposed model thanks
to the factorf,,.

Results of the wetting parts of the experiments from Fig. &suction vs. volumetric
strain plane are plotted in Fig. 6. The model predicts ctiyrehe qualitative influence
of the net mean stress on the volumetric behaviour. When this seetted at a lowp™!
(20 and 49 kPa), it first swells and only after the state geiserlto the state boundary
surface the structure starts to collapse. On the other lspedjmens wetted at higher net
mean stresses (i.e. at lower appar@atRs) collapse since the beginning of the wetting
test. Modelling of this aspect of the soil behaviour is, aganabled by the factgf,. The
experiments show the lowest collapsible strains for thdimgetat the highest net mean
stress (588 kPa). Correct predictions of the final value ofvblemetric strains after
collapse are achieved thanks to the converging normal aesejum lines of the saturated
and unsaturated soils (Figs. 4a, 5). The predicted shapkeeoivetting path in the
vs. ¢, plane is controlled by the factgf, (for the initially apparently overconsolidated
specimens) and by the interpolation function for the qustiV(s) and \*(s). Good
agreement between experimental data and model predictisnsfor wetting at higher
net mean stresses (where the fagtptakes a constant value equal to one) suggests that
the logarithmic interpolation adopted (Eq. (34)) is sukato represent the Pearl clay
behaviour. The predicted volumetric strain curve changesmly as the suction reaches
the air expulsion value. The soil becomes at lower suctiffestavely saturated and the
model then predicts swelling caused by decrease of thetiwtfestress.

Figures 7a and 7b showy vs. R ande, vs. ¢, graphs of the constant net mean stress
shear tests and constait= 1.5 wetting tests with different initial void ratios (differén
initial apparentOC'Rs). Both the constant suctiadi vs. ¢, response and the increasing
tendency to collapse (in terms of bathande,) for increasing initial void ratio (decreasing
apparentOC'R) are predicted satisfactorily. The only qualitative deggancy is in that the
model does not predict dilatant behaviour of the initialndest specimen in the constant
p"e stress after wetting.

Figure 8a shows the results of the three constant net meassstompression shear
tests in the axial strain vs. principal net stress ratio @laand Figure 9c similar exper-
iments in triaxial extension. The specimens had approxpatqual initial void ratios
(initial apparentOC' Rs) and wetting took place at different values of the rdtior he cor-
responding volumetric behaviour is in Figs. 8b and 9b andhtatrains in Figs. 8c and 9a.
Predictions of the constant suction parts of the testspredse at least from the qualita-
tive point view, demonstrate the predictive capabilitiéthe basic hypoplastic model. In
the wetting parts of the tests, the model predicts appragiyp@qual collapse volumetric
strains and significant increase of the absolute valuesliaipse axial and radial strains at
higher ratiosk. The good quantitative agreement for betlande, demonstrates adequate
modelling of the wetting-induced collapse strain rate ction. The analytical expression
for this direction has been (for constant effective strelgsived in Sec. 4.2.1, see Fig. 1
for Pearl clay parameters.
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6.2 Responsetodrying paths

To study the response of the model to drying paths, laboratqueriments on three differ-
ent soils by Fleureau et al. [12] have been simulated. Thiegltgsts have been performed
on initially saturated remolded samples, either directyrf the slurry state at a water con-
tentw equal to 1.5 times the liquid limib;,, or on specimens consolidated from the slurry
in an oedometer under different vertical stresses. As thgeraf applied suctions was
very wide, it has been controlled be several techniquefjdnay tensiometric plate (suc-
tion 0 kPa to 20 kPa), air pressure control and osmotic tecken{50 kPa to 1500 kPa) and
relative humidity control using salt solutions for high san levels (2 MPa to 1000 MPa).
The authors demonstrated that the techniques used gavisteohsesults. As only limit-
ted amount of data is available for each soll, the paramétars been found by means of
simulation of test data presented only and results in Fighéfefore do not represent pure
predictions. Nonetheless, they still demonstrate somalubites of the proposed model.
All model parameters used are summarised in Tab. 1.

Figure 10a shows results of drying paths on Orly loam on twerspens: one dried
from a slurry state and the other preconsolidated in an oetlmat a net vertical stress
-100 kPa. As the reconstituted Orly loam has a very high amyeralue of suction (4000
kPa), the two specimens reached normally consolidateel astatuctions lower thas) and
with continued drying their response coincide. When theisnateaches the air entry
value abrupt change of soil behaviour is observed, the soittsire stiffens significantly
and very little change in void ratio is observed with furteaction increase. This observed
behaviour is represented well by the proposed hypoplastideln For suctions lower
thans, predictions correspond to the reference hypoplastic modalaturated materials.
However, when the suction reaches the air entry value, thess®8%& to increase in size
rapidly, which leads to very stiff behaviour with furtherydrg.

The same experiments have been performed on Sterrebeek(fogune 10b), with
the exception that the consolidated sample has been pesldadhigher net vertical stress
(-200 kPa). The observed behaviour is, however, significathtferent as compared to
the response of Orly loam. As Sterrebeek loam has significknter air entry value, the
consolidated sample became unsaturated before it redotaeditmally consolidated state.
The sample is therefore relatively stiff in the saturategiae and less pronounced change
of stiffness is observed when the unsaturated state isedaétiso this type of behaviour
can be well simulated by the proposed model.

Finally, Fig. 10c shows response of the white clay (kaolrthe drying-wetting cycle.
As the white clay has very small hydraulic hysteresis andathentry and air expulsion
values are similar, the model is capable of simulating bbthdrying and wetting be-
haviour of this soil with a single set of material parametéfee model simulates lower
stiffness in the saturated than in unsaturated region. fiffreess in the saturated region is
significantly lower for drying than for wetting process.
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6.3 Responseat constant suction

Cui and Delage [9] performed a series of drained triaxialstest an aeolian silt from
Jossigny near Paris. The soil has been statically compacigdsotropically compressed
under four different applied suction levels (200, 400, 86d 4500 kPa). The isotropic
compression has been terminated at five diffegéfitlevels (50, 100, 200, 400 and 600
kPa) and followed by a drained triaxial compression testeréfore, all together twenty
shear tests on soils with different apparén®’ Rs have been performed, with apparent
OC'R increasing with suction and decreasing with net cell pnessu

The air-entry values, of the compacted Jossigny loam has been taken from Khalili
et al. [20]. As the set of experimental data does not incledéston saturated soils, the
parameter\* has been calibrated using isotropic compression test-at200 kPa and
[ = 0 has been assumed. The parameférs: and x* have then been evaluated by a
trial-and-error procedure in order to reproduce the stddasancy behaviour of the shear
tests. Parameters. andr have been found using standard approach as outlined in [30].
The parametern has not been not evaluated, as no tests with decreasingrswotire
simulated son is not needed in simulations. All parameters used in evialiare given
in Tab. 1. Similarly to tests with drying paths, results igFill have all been used
for evaluation of model parameters, they therefore reptesmulations, rather than pure
predictions by the proposed model.

Figure 11(a) shows the deviatoric stress vs. shear straueswf the tests analysed
and Figure 11(b) shows the corresponding volumetric behavi The proposed model
gives qualitatively good predictions, taking into accotirt the tests were performed at
four different suction levels, while the influence of suation the apparer®CR is char-
acterised by a single material parametgrecall that change of*(s) is not considered
here, i.e. [ = 0). As observed in the experiments, the model predicts isered the
maximum deviator stress with both the suction and the celsure. Also, for a given
cell pressure, both experimental data and simulations slemneasing tendency for volu-
metric contractancy with increasing suction. For low cedgsures and high suctions the
model predicts dilatant behaviour and a peak in the devastiress vs. shear strain curve.
Similar behaviour is observed in the experiments, althaihghagreement is not perfect
from a quantitative point of view.

7 Summary and conclusions

A new hypoplastic model for unsaturated soils, based onfthetive stress concept with
a scalar quantity that describes stiffening of the soilctite, has been proposed. The
formulation combines the mathematically simple hypojptastodel by M&in [30] with
the effective stress equation by Khalili and Khabbaz [21heJe two approaches have
been chosen as they require only limited number of mateaedmeters, so they yield a
model easy for use in practical applications.

A new method for incorporating the wetting-induced collp®to hypoplasticity has
been proposed in the paper. The approach yields new tehsariaH entering the hy-
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poplastic equation, which is calculated through the regment of consistency on the state
boundary surface. Further, new pyknotropy factpris proposed in order to simulate
different response of soils with different apparent ovasmidation.

Evaluation of the model predictions has been based on a muhbgperimental data
sets, performed on different soils in different soil meabanaboratories. Although the
complete model requires only nine material parametersawikar physical interpretation,
it can predict reasonably a number different aspects ofturegad soil behaviour, namely

1. Response of normally consolidated and apparently oveatidiated soils to wet-
ting paths. Model predicts wetting-induced collapse ohmalty consolidated soils,
swelling of highly overconsolidated soils and a smoothgii@on between the two
cases, controlled by the new constitutive parameteAlso, the model predicts the
influence of the stress ratio on the behaviour upon wetting.

2. Response of normally consolidated and apparently oveatiolated soils to drying
paths. The model predicts stiffening of the soil responseetion at air entry, where
the soil starts to be effectively unsaturated. Differespanses before and after air
entry can be modelled quantitatively with a single set ofariat parameters.

3. Response of normally consolidated and apparently oveatiolated soils to shear
tests performed at constant suction. Suction influencesizeeof the state boundary
surface and it thus controls the predicted peak frictiole@aagd the stress-dilatancy
relationship.

The predicted soil response is non-linear also in the ovewialated state. To this
respect, the model provides a qualitative advance witrexdp many existing constitutive
models for mechanical response of unsaturated soils.
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Appendix A

The appendix A summarises mathematical formulation oféference hypoplastic model
for saturated soils [30]. The constitutive equation in faten reads:

T=f.L:D+ f,faN|D| (37)

where:

L3 (c1:f+ 02T ® ?) N (—Yi) T= rl (38)



ponents:

1 is the second-order identity tensor dhds the fourth—order identity tensor, with com-

1
(I)ijkl = 2 (Ll + 115)
given by:

(39)
trT
fs = - W

In eq. (37), the functiong, (tr T) (barotropyfactor) andf,(tr T, e) (pyknotropyfactor) are

2trT

(ln (1+e
exp
3Dy

)—N\]”
40
I (40)
wherep,. is the reference stress 1 kPa. The scalar fundtiand the second—order tensor
m appearing in Eq. (38) are given, respectively, by:

v — V3a . (111> + 9I5) (1 — sin® ¢.)
3+ a?

(3 Yat— 2%%3)1 fa= {—

3
- + f% (41)
813 sin” @, 3+a
in which:
1
L =uT [2:§[T:T—(Il)2} Iy =detT
and ) o
. .. T 6T:T-1
m=— < |T+T - — (42)
F S\ (Fla)"+T:T
in which:
T =T-

1 1 2 — tan?
g F:\/gtan2¢—|— an w

tany = /3| T

1
— tan
2+\/§tan¢)cos39 22 ¥
tr ('i'* . 'i'*

T)

(T* : T*>3/2 (44)

Finally, the scalars, «, ¢; andc, appearing in egs. (38)—(42), are given as functions of
the material parameteys, \*, * andr by the following relations:

cos 360 =

(43)
_;

_ \/g (3 — sin 900)

2v/2sin Ve

C1 =

1 N —Kk* [3+a?
— 45
“ T2 n{/\“r%*(a\/g)] (49)
2(3+a2—2aa\/§)
9r

3
62:1+(1—Cl)

e (46)
The model requires five constitutive parameters, namely\*, «*, N andr, state is
characterised by the Cauchy strdsand void ratice.
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Appendix B

This Appendix presents an isotropic formulation of the msgd hypoplastic model. The
effective stress is quantified by mean stress — tr T /3, stretching by the rate of void
ratioé = tr D(1 + e). The effective stress rate predicted by the proposed medglVén
by Egs. (18), (28) and (29)

T Op., .
Eg<_8> (47)
where the Hvorslev equivalent stregsis given by Eq. (9), suction is a state variable
and f,, is a pyknotropy factor from Eq. (30). It follows that

T=T"-1,

tr'i'_ tr'i'es
3 3

tr T Ope
3pe Os

SIS

NEL 3 Pe 08

p= (—3) =
An isotropic formulation of the quantity- tr ‘i’eS/S has been derived in Reference [30],
we thus have the following isotropic form of the proposeddplpstic model:

b= gl [+ 0 e fuaVBl] - LRy (49)

3<1+€ Pe

The scalar quantity has been defined in (45) and the barotropy fa¢ian Eq. (11). Its
isotropic formulation reads

o= gy (30 —2v8) ©0

where the quantity is given in Eq. (45). An isotropic formulation of pyknotrofgctors
fa andf, read (see (10) and (30))

fi= (2—p) £ = (ﬁ)m (51)
Pe Pe

In Egs. (49) — (51)p, e ands are state variablesy is a model parameter and all other
quantities can be calculated in terms model paraméfers’, x*, ., n, [ ands..
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€c

D A* K* N r n [ m | s. [kPa]
Pearl clay [45, 46] 29° | 0.05 | 0.005| 1.003| 0.5 0.164| 0.024| 2 | 15 (expulsion)
White clay (kaolin) [12]|| (22°) | 0.077| 0.008| 1.25 | n/a| (0.1) | (0) | (10) || 1900 (ent. & exp.)
Orly loam [12] (25°) | 0.053| 0.005| 0.785| n/fa | (0.1) | (0) | n/a | 4000 (entry)
Sterrebeek loam [12] || (25°) | 0.022| 0.005| 0.58 | n/a| (0.1) | (O) | n/a || 90 (entry)
Jossigny silt [9] 25° | 0.04 | 0.005| 0.72 | 0.5] 0.025| O n/a || 185 (entry)
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Figure 4: Calibration of the proposed model by means of erpental data on Pearl clay

by Sun et al. [45]. (a) calibration of paramete¥s \*, n and/ by means of isotropic
compression test with constant suctien< 0 kPa ands = 147 kPa); (b) calibration of*

using isotropic compression testat= 147 kPa; (c) calibration ofn using constant net
stress wetting test; (d) calibration otising constant net mean stress shear test at constant
suctions = 0 kPa ands = 147 kPa (with wetting at? = 7, /7, = 1.5).
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Figure 6: Wetting tests at constant isotropic net stressuoye$ al. [46] plotted irs vs. ¢,
plane (a) and predictions by the proposed model (b). Testfasealibration of parameter
m is indicated.
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Figure 7: Constant net mean stress shear tests and cofRstamt5 wetting tests on speci-
mens with different initial void ratios, experimental dataSun et al. [46] and predictions
by the proposed model plotted i vs. R = T,/T, plane (a) and, vs. ¢, plane (b).
Labels for initial void ratios.

28



25 cof o v
_ d
L 9 % e
& ? o
$f 7
15 @@) f—r
9 calib. r measured o measured —e—
A predicted — oq L predocted —
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 . 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
£, [] “€a []
(a) (b)
3

25  owER

x 2
15
measured o
1 predicted ‘ ‘ ‘
-0.07 -0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01

-& []

(©)

Figure 8: Constant net mean stress compression shear tedsterstant? wetting tests,
experimental data by Sun et al. [46] and predictions by tlep@sed model plotted in
€ VS. R = T,/T, plane (a), vs. ¢, plane with labels fork at wetting (b) and,. vs.
R = T,/T, plane (c). Test used for calibration of parametés indicated. Initial values
of e: R at wetteing equal t@.5, ¢y = 1.29; R =2,¢y = 1.31; R = 2.5, ¢q = 1.3.
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Figure 9: Constant net mean stress extension shear testoasthmt? wetting tests,
experimental data by Sun et al. [46] and predictions by tlop@sed model plotted in
e Vs. R = T,/T, plane (a)e, vs. ¢, plane with labels forR at wetting (b) and:, vs.
R = T,./T, plane (c). Initial values of: R at wetteing equal td.5, ¢y = 1.31; R = 2,

eo =135 R=22,¢e9 = 1.32.
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Figure 10: Drying (a, b) and drying-wetting (c) tests oneiéint soils. Experimental data
by Fleureau et al. [12] compared with simulations by the psag hypoplastic modet,.

is a reference value of suction equal to 1 kPa.
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Figure 11: Drained triaxial tests on Jossigny loam at cgifésuctions and net cell pressure

levels, experimental data from Cui and Delage [9] and sinanatby the proposed model.

Deviatoric stress( = —(7, — 7)) vs. axial strain curves (a) and volumetric vs. axial
strain curves (b) with labels far(in kPa).
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