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ABSTRACT: Incorporation of void ratio as a state variable into constitutive models allows, in principle, to use
a single set of material parameters for soils with differentdegrees of overconsolidation.p constant experiments
by Hattab and Hicher (2004) on soils with overconsolidationratios (OCR) ranging from 1 to 50 are used for
evaluation of three constitutive models of different complexity. It is demonstrated by means of a scalar error
measure and stress-strain diagrams that at least two sets ofparameters for differentOCR intervals should be
used. Further, advanced models perform significantly better than the Modified Cam clay model and a hypoplas-
tic model for clays leads to better predictions than elasto-plastic three surface kinematic hardening model.

1 INTRODUCTION
It has been recognised since the development of criti-
cal state soil mechanics in 1960’s that realistic consti-
tutive models should consider void ratioe as a state
variable. This approach, in theory, allows to use a
single set of material parameters to predict the be-
haviour of soils with a broad range of overconsoli-
dation ratios and thus simplifies practical application
of constitutive models. As a matter of fact, however,
qualitatively correct predictions of behaviour of soils
with differentOCRs based on a single set of mate-
rial parameters do not necessarily imply satisfactory
performance from the quantitative point of view. An
engineer aiming to apply the constitutive model for
solution of practical geotechnical problems should be
aware of the range ofOCRs for which a single set
of material parameters may be used and design an ex-
perimental program accordingly.

In the present paper, performance of three consti-
tutive models of different complexity is evaluated on
the basis of triaxial tests by Hattab and Hicher (2004).
Reconstituted kaolin clay was isotropically consoli-
dated up topmax = 1000 kPa and swelled to a mean
effective stressp = pmax/OCR, with overconsolida-
tion ratios ranging from 1 to 50. From this state a
shear phase with constant mean stressp followed up
to failure.

2 CONSTITUTIVE MODELS
Modified Cam clay model (CC) has been chosen as a
reference for comparison with two advanced consti-

tutive models based on different mathematical back-
grounds, namely the three surface kinematic harden-
ing model (3SKH), and a hypoplastic model for clays
(HC).

Modified Cam clay model (Roscoe and Burland
1968) is a basic critical state soil mechanics model. In
this work a version which complies with Butterfield’s
(1979) compression law is used, thus the isotropic vir-
gin compression line reads

ln(1 + e) = N − λ∗ ln(p/pr) (1)

with parametersN andλ∗ and a reference stresspr =
1 kPa. Slope of the isotropic unloading line is con-
trolled by the parameterκ∗, constant shear modulus
G is assumed inside the yield surface and the critical
state stress ratio is characterised by parameterM .

The 3SKH model (Stallebrass and Taylor 1997)
is an advanced example of the kinematic hardening
plasticity models for soils. The model, which may
be seen as an evolution of the CC model, is charac-
terised by two kinematic surfaces in the stress space
(see Fig. 1), which determine the extent of the elas-
tic behaviour (yield surface) and the influence of the
recent stress history (history surface).

ParametersN , λ∗, κ∗ andM have the same mean-
ing as in the CC model, the shear modulus inside the
elastic rangeG is calculated from
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with parametersA, n and m. ParametersT and
S characterise relative sizes of kinematic surfaces
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Figure 1. Characteristic surfaces of the 3-SKH model, from
Mašı́n et al., 2006.

(Fig. 1). The last parameterψ controls the rate of de-
cay of both bulk and shear moduli for states at the
yield surface, inside bounding surface (Fig. 1).

A hypoplastic constitutive model for clays was pro-
posed by Mašı́n (2005) and investigated further by
Mašı́n and Herle (2005). It combines the mathemat-
ical formulation of hypoplastic models (e.g., Kolym-
bas 1991) with the basic principles of the CC model.
The rate formulation is governed by a single non-
linear equation

σ̇ = fsL : ǫ̇ + fsfdN‖ǫ̇‖ (3)

with constitutive tensorsL andN and scalar factors
fs and fd, no switch function is introduced to dis-
tinguish between loading and unloading and strains
are not sub-divided into elastic and plastic parts as in
elasto-plasticity.

The model requires five parameters with a simi-
lar physical interpretation as parameters of the CC
model.N andλ∗ are coefficients in the Butterfield’s
(1979) compression law (1),κ∗ controls the slope
of the isotropic unloading line in theln(1 + e) vs.
ln(p/pr) space,ϕc is the critical state friction angle.
The last parameterr determines the shear modulus.
Due to non-linear character of Eq. (3), the parameter
r is usually calibrated by means of a parametric study,
similarly to the parameterψ of the 3SKH model.

3 SCALAR ERROR MEASURE
A scalar error measure has been introduced in order
to asses model performance in the pre-failure regime
and in order to eliminate a high amount of subjectivity
of model calibration.

The suitable error measure should reflect differ-
ences in both predicted and observed stiffnesses and
strain path directions. As experiments and simulations
are characterised by identical stress paths, simulation
error is measured in the strain space. Let the pre-
failure part of the stress path be subdivided intoL

increments, of length∆q = qmax/L. Then, following
Mašı́n et al. (2006), the simulation error can be de-
fined as

err(OCR,qmax) =

L
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where∆ǫ
(k)
exp and ∆ǫ

(k)
sim are the measured and pre-

dicted strain increment tensors, respectively, corre-
sponding to thek–th stress increment of size∆q.

In order to demonstrate the meaning of the nu-
merical value oferr, it is plotted for two special
cases in Fig. 2. First, experiment and simulation
with identical strain path directions and different in-
cremental stiffnesses (measured by their ratioα =

‖∆ǫ
(k)
exp‖/‖∆ǫ

(k)
sim‖ from (4), i.e.α = Gsim/Gexp =

Ksim/Kexp, whereG andK are shear and bulk mod-
uli respectively) are considered. In the second case ex-
periment and simulation are characterised by identical
incremental stiffnesses (α = 1), but different direc-
tions of the strain paths measured by the angleψǫ in
the Rendulic plane ofǫ (ǫa vs.

√
2ǫr, whereǫa andǫr

are axial and radial strains respectively). Investigation
of (4) reveals thaterr = |1 − 1/α| for the first case
and err = |2 sin(∆ψǫ/2)| for the second one (with
∆ψǫ = ψǫ sim −ψǫ exp).
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Figure 2. Numerical values oferr for experiments and simula-
tions that differ only in incremental stiffnesses (left) and strain
path directions (right).

Calculation oferr is complicated by the scatter
in experimental data, in particular for lowp (high
OCR). For calculating oferr the data were approxi-
mated by polynomial functions of the form

ǫs = asq
bs + csq

ds + esq
fs . . . (5)

and
ǫv = avq

bv + cvq
dv + evq

fv . . . (6)

with coefficientsas, bs, cs, ds, es, fs . . . andav, bv, cv,
dv, ev, fv . . . . In this way a good fit of experimental
data was achieved, as demonstrated in Fig. 3 for an
experiment withOCR = 10.
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Figure 3. Approximation of experimental data forOCR= 10 by
a polynomial function.

In the present work, for all simulationsqmax from
(4) is chosen such thatqmax = 0.7qpeak, whereqpeak

is the peak deviator stress achieved in the particular
experiment.L in (4) is high enough so it does not in-
fluence calculatederr (typicallyL = 100 was used).

4 CALIBRATION
The parameters of the studied constitutive models can
be roughly split into two groups. In one group are
parameters with a clear physical meaning, which are
calibrated by standardized calibration procedures. On
the other hand, parameters from the second group are
less clearly defined and their calibration is more sub-
jective. These parameters are usually found by means
of parametric studies.

4.1 The first group of parameters
In the present work, parameters from the first group
were calibrated only once and their values were kept
constant for all simulations.

To this group belong parametersN , λ∗ and κ∗,
which were found by evaluation of an isotropic load-
ing and unloading test, as demonstrated for the CC
model in Fig. 4. Note that the numerical values of the
parameterκ∗ (Tab. 1) differ for the three constitutive
models. In the 3SKH modelκ∗ specifies a bulk stiff-
ness in thesmall strainrange and it was calculated
from an assumed Poisson ratio (accurate volumet-
ric measurements in the small strain range were not
available). In the HC model the slope of the isotropic
unloading line is for higherOCRs influenced also
by the non-linear character of the hypoplastic equa-
tion. For this reasonκ∗ of the HC model could be
considered to belong to the second group of param-
eters. However, as it has only minor effect on predic-
tions of constantp experiments (which are in scope
of this study), its value was kept constant for all sim-
ulations. An approximate average value of the critical
state friction angle from all shear experiments avail-
able was used to calculate the parameterM (ϕc).

The 3SKH model requires five further parameters
that control the behaviour in the small strain range
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Figure 4. Calibration of parametersN , λ∗ and κ∗ of the CC
model.

and the influence of the recent history (A, n,m, T and
S). Data by Hattab and Hicher (2004) do not contain
experiments required for their calibration. However,
as similar soil (Speswhite kaolin) was used by Stalle-
brass and Taylor (1997), the additional parameters of
the 3SKH model were taken over from their work.

4.2 The second group of parameters
These parameters, namelyG (CC), r (HC) and
ψ (3SKH), influence significantly results of constant
p experiments in the pre-failure regime and their cali-
bration is to some extent subjective. In order to elimi-
nate this subjectivity, these parameters were found by
minimizing the scalar error measureerr defined in
Sec. 3. This procedure was applied on constantp ex-
periments atOCR = 1 andOCR = 10, so two sets
of material parameters (optimised forOCR = 1 and
OCR = 10) were obtained (Tab. 1).
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Figure 5. Calibration ofψ by means of minimalisation oferr for
experiment atOCR = 10.

Calibration of parameters from the second group is
in the following demonstrated by means of calibration
of ψ using an experiment atOCR = 10.

Relation oferr with respect to the value ofψ is
shown in Fig. 5. The curve has a clear minimum that
corresponds toψ = 2.53. This optimised value ofψ,
together with two different values, were used for sim-
ulation of the experiment atOCR = 10 (Fig. 6). In



the pre-failure regime the value ofψ found by opti-
misation with respect toerr corresponds quite well to
the value that could have been chosen by means of a
subjective trial-and-error calibration procedure.
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Figure 6. Predictions of the test OCR=10 by the 3SKH model
with err-optimised (ψ = 2.53) and two different values ofψ.

Parametersr andGwere found using the same pro-
cedure as outlined above, a clear minimum oferr was
obtained in all cases. The only difference was in the
calibration ofψ forOCR= 1, as the stress state of the
3SKH model is on the bounding surface and therefore
ψ does not influence model predictions. In this case
ψ was found by trial-and-error by simulation of the
isotropic unloading test from Fig. 4.

Table 1. Material parameters

M , ϕc λ∗ κ∗ N

CC 1.1 0.065 0.0175 0.918
HC 27.5◦ 0.065 0.01 0.918
3SKH 1.1 0.065 0.0034 0.918

A n m T S

3SKH 1964 0.65 0.2 0.25 0.08

G, r, ψ (OCR1) G, r, ψ (OCR10)

CC 7330 kPa 2210 kPa
HC 1.43 0.67
3SKH 2.3 2.53

5 PERFORMANCE OF THE MODELS
The two sets of parameters found in Sec. 4 were
used in simulating experiments at the whole range of
OCRs. The initial states ofp′, q ande measured in
the experiments were used in the simulations. In ad-
dition, the 3SKH model requires to specify the initial
positions of kinematic surfaces. These were aligned to
reflect the stress history followed in the experiments
(Sec. 1).

The obtained scalar error measureerr is plotted
with respect toOCR in Fig. 7. From this figure it ap-
pears that studied elasto-plastic and hypoplastic mod-
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Figure 7.err for parameters optimised forOCR = 1 (top) and
OCR = 10 (bottom).

els have different ranges of validity of different sets
of material parameters:

1. Hypoplastic (HC) model performs for higher
OCRs less correctly than other two models
when calibrated using data forOCR = 1. How-
ever, when calibrated at higherOCR, it pro-
duces the best predictions out of all tested mod-
els for the entire range ofOCRs, with more-or-
less constant value oferr.

2. Elasto-plastic (CC and 3SKH) models calibrated
atOCR = 10 perform relatively correctly up to
OCR ≈ 4. For lowerOCRs parameters for nor-
mally consolidated state lead to better predic-
tions, but in the case of 3SKH still worst than
predictions by hypoplasticity.

By definition, the value oferr characterises model
predictions in the pre-failure regime only. In order
to evaluate predictions at failure, observed and pre-
dicted peak friction anglesϕp were plotted with re-
spect toOCR. The results were similar for both sets
of parameters, Fig. 8 shows them for parameters op-
timised forOCR = 10. HC and 3SKH models pre-
dict peak friction angles relatively accurately (HC is
more accurate forOCR≤ 10, 3SKH forOCR≥ 20).
CC model overestimates significantlyϕp for all states
with OCR > 2. This is a well-known shortcoming of
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Figure 8. Peak friction anglesϕp predicted by the models with
parameters optimised forOCR = 10.

the CC model, caused by the elliptical shape of the
yield surface.

While err gives a convenient quantitative measure
of the model performance, it does not specify the
source of the prediction error. For qualitative com-
parison, the stress paths normalised by the Hvorslev
equivalent pressurep∗e are plotted forOCR = 10 op-
timised parameters in Fig. 9. Overprediction ofϕp by
the CC model is clear, the shape of the normalised
stress paths is predicted relatively correctly by both
HC and 3SKH models. All models, however, overes-
timate dilation. Normalised stress paths of all models
head towards a unique critical state point, which has
not been reached in the experiments at higherOCRs
(Fig. 9 top). A possible reason may be in localisation
of deformation in shear bands at higherOCRs.
q vs. ǫs graphs forOCR = 10 optimised parame-

ters are shown in Fig. 10. It is clear that higher er-
rors for lowOCRs of elasto-plastic models, reflected
in Fig. 7, are caused by the underestimation of the
shear stiffness in the case of CC and overestimation
of the shear stiffness in the case of 3SKH (with the
exception ofOCR = 1). Low prediction errors by
the HC model (Fig. 7) are reflected also in qualita-
tively correct performance shown in Fig. 10. Volumet-
ric changes shown in Fig. 11 reveal a general trend
of overestimation of dilation for higherOCRs, as al-
ready discussed in the previous paragraph. The shape
of ǫv vs. ǫs curves is best predicted by the HC model.
For highOCRs the 3SKH model predicts dilatant be-
haviour immediately after the start of the shear phase,
which has not been observed in the experiments. On
the other hand, hypoplasticity overestimates the initial
contraction for mediumOCRs.

6 CONCLUDING REMARKS
Results of this study must be seen as preliminary, as
only one set of experimental data on one particular
soil was investigated. Presented results however show
that at least two sets of material parameters should
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be considered for both hypoplastic and elasto-plastic
models. It appears that the HC model requires a differ-
ent set of material parameters only for normally con-
solidated soil, a single set of parameters, which leads
to accurate predictions for a broad range ofOCRs,
is sufficient forOCR > 1. Two sets of parameters
should also be used for studied elasto-plastic models,
with the approximate limitingOCR ≈ 4.

It is perhaps not surprising that the two advanced
models performed significantly better than the CC
model in predicting the non-linear behaviour in the
pre-failure regime and correctly estimating the peak
friction angles for highOCRs. For higherOCRs the
HC model leads to better predictions than the 3SKH,
both from the point of view of the scalar error mea-
sureerr and a qualitative performance expressed by
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the stress - strain diagrams. Also, the 3SKH model
can not be effectively calibrated to predict correctly
the behaviour of soils in normally consolidated state.
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